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Introduction

Two pathways to number focuses on how young children (from babies to 5 and 6 year olds)
learn mathematics. Children make meaning from the world around them. They come to school
(even pre-school/creche and grade R) with many mathematical experiences from their life
experience. Over time they are inducted — learning from adults and their peers — into a tradition
of more formal mathematics.

This umthamo has the following key ideas:
1. Explain what mathematics is, and agree on some ground rules (classroom norms)
for this maths course.
2. Know how to succeed in this maths course: what to do each week and how you
are assessed.
3. Know that for mathematics to make sense, we need a clear mental map or picture for
numbers and relationships. There are two main pathways for learning about numbers:
a. A discrete pathway; and
b. A continuous pathway.

--@® What is mathematics?

We know that many students taking this course have not liked mathematics at school. Many
students find maths difficult and stressful. We believe everyone can do mathematics. Even if a
person has been taught badly, and hated maths before, with effort and opportunity that person
can do maths.

But, what is mathematics? Are we all talking about the same thing when we say “maths”?
Mathematics involves thinking about and working with numbers, shape and space.
The South African Curriculum and Assessment Policy (CAPS) identifies five content areas for
primary school mathematics.
Numbers operations and relationships is the focus in
primary school. it is given the most time
° Numbers can be whole, natural, rational
or integers;
° Operations are add, subtract, multiply and
divide; and
° Relationships include equal, unequal contexts,
more than and less than.
There are 3 contexts in which to use numbers, operations
and relationships:
° Shape and space
° Measurement and
° Data handling.

Shape & space
Measurement
Data handling

Patterns, functions & algebra

Patterns functions and algebra is the foundation. It is the way of learning about numbers,
operations and relationships in the 3 different contexts.
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The South African curriculum and assessment policy (CAPS) defines mathematics as follows:
Mathematics is a language that makes use of symbols and notations for describing
numerical, geometric and graphical relationships. It is a human activity that
involves observing, representing and investigating patterns and quantitative
relationships in physical and social phenomena and between mathematical
objects themselves. It helps to develop mental processes that enhance logical
and critical thinking, accuracy and problem-solving that will contribute to decision-
making. (DBE, 2011).

As teachers you need to know the different types of numbers which children encounterin primary

and secondary school. This diagram shows how the different number systems fit together.

Diagram: Number systems

Real numbers (R)

0.1; 0.2;0.3;0.4; 0.5 .

Whole numbers (N,)
0

Natural numbers (N)

1;,2;3;4;5;... 10%; 20%; 30%; 40%; 50% ...

Integers (2)

1 fifth, 2 fifths, 3 fifths, 4 fifths, 5 fifths

Rational numbers (Q)

Irrational numbers (Q’)
pi; 0,153566735698...

This course is designed to help you to learn the mathematics you need to teach primary school
children, well. Learning mathematics involves learning ways of thinking. Carpenter, Franke et al.
(2003) write that learning mathematics

involves learning powerful mathematical ideas rather than a collection of

disconnected procedures for carrying out calculations. But it also entails learning

to generate those ideas, how to express them using words and symbols, and

how to justify to oneself and others that those ideas are true. (Carpenter, Franke

etal. 2003, p. 1)

Learning mathematics is learning ways of thinking about quantities (discrete objects/events
and continuous quantities which we can measure). Learning mathematics is learning ways of
thinking about shapes, their arrangement, how they are positioned and can change (transform)
in space. Once you have thought about your relationship with maths (how it makes you feel,
right now) and you have agreed on what maths actually is, it may be worth working on some
classroom norms. How do you want to be treated, and how will you agree to behave in this
maths class? What kind of a maths teacher do you want to be?

UNIT 1: INTRODUCTION @



UMTHAMO 1.1: INTRODUCTION

In this module we focus on how to teach children to make sense of numbers.
In South Africa, many children imagine numbers as a looooong string of 1s.
They calculate in 1s, like this:
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But this is very inefficient.
We DON'’T want learners to draw number pictures as a long string of 1s!
We DO want learners to use number symbols and structure into 100s, 10s and 1s.

As teachers, we help learners structure their number pictures into 100s, 10s and 1s.
As a teacher you should ALWAYS structure number pictures into 100s, 10s and 1s.
We NEVER want to see teachers working like this:
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w=@® Building mental maps or pictures

@ Building mental maps or pictures

Many of us have learnt maths by memorising. Many of us don’t have a mental map for maths
which goes beyond counting in ones. Our first job in this course to see maths as meaningful.
For maths to make sense we each need a coherent mental map or picture. Our second job in
this course is to help children build meaningful mental maps for learning mathematics.

There are two main routes to developing children’s number sense:
e A counting pathway where the starting point is discrete quantities (discrete objects or
discrete events); and

Ones Tens Hundreds

C_ounting R {?} @

m %ﬁ\w

¢ A measurement pathway where the starting point is continuous quantities that can be
measured using a particular attribute such as length or volume.

0

’\'“,_
|
Measuring - |
continuous D i 100 cups fill
extents | bucket
| cup 10 cups fill
ljug

In this module we consider both pathways, and an underlying approach of structuring numbers to
identify, describe and generalise the patterns of 2s, 5s and 10s.

The counting pathway uses number pictures.

(10)(10)
(Jo)(o)

Children should structure number pictures in 10s. They write the number symbol 10.

00O

The measurement pathway uses number lines.

To measure | start at zer
| take equal steps.
| count each step

T T 1

& 7 F I L F 81T s A%

Children should structure number lines in 10s. Multiples of 10 are “friendly numbers”.
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UMTHAMO 1.1: INTRODUCTION

Reading 1: Mason & Wilder-Johston (2004) Johnston-Wilder

John Mason has identified a set of 8 “Mathematical Powers” that all children possess and which we
need to foster and develop in order to create “able mathematicians” who are able to reason about

maths and problem solve. The powers, which come in pairs, are as follows:

ﬁ:oniecture \

ﬁ:onvince \

Children should be encouraged to make Children should then be encouraged to
conjectures, that is say what they think and convince, that is to persuade people (a
about what they notice or why something partner, group, class, you, an adult at
happens. E.g, “I think that when you home etc) that their conjectures are true.
multiply an odd number by an even In the process of convincing, children
number you are always going to end up may use some, or all, of their other maths
Qvith an even number.” / Qowers. /
. \ Classi \
Organise fy
Thikiren Skl be  emeonEss Chlldf‘en shoul(.i then be encourageq to
. . . classify the objects they have organised
organise, putting things (numbers, facts, d . .
. . an e.g., identifying the groups odd and even
patterns, shapes) into groups, in an order ;
. numbers, irregular and regular shapes,
or a pattern, e.g, sorting numbers or N
shapes e
/ . \ Express \
Imagine P
Child hould b d t
Children should be encouraged to rdren s.ou . .e enco.urage ©
. . . express their thinking, that is show and
imagine, objects, patterns, numbers and and . e .
explain their thinking and reasoning e.g.,
resources to help them solve problems . .
. about a problem, relationship or
and reason about mathematics. L.
generalisations.
ﬂpecialise \ /Generalise \
Children should be encouraged to Children should be encouraged to
specialise, that is to look at specific and generalise, that is to make connections

examples or a small set examples of
something. For example, looking at the
odd number 7 and the even number 8 to
test their conjecture that an odd X even
number = odd number. Children can also
specialise in order to start to see patterns

and use these to form rules and patterns.
For example, from their specific example
they could generalise that any odd
number multiplied by an even number

gives an even number. Children should
also be encouraged to use algebra to

Mason, J and Johnston-Wilder, S (2004) Learners Powers in: Fundamental Constructs in Education, London:Routledge Falmer pp115-142
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=@ Building mental maps or pictures

/ Task 1.1: Show and explain a calculation

1. You are a maths teacher in Grade 3. Show children how to calculate 92 - 58 = ...,
without using a calculator

2. Then write a paragraph explaining to your class they way that you solved the problem.

How many squares and rectangles?

Working out: Find each unit. Then count how many repeats.

-

Small squares: Big squares: Rectangles:

UNIT 1: INTRODUCTION @



Mathematical ﬁ

o
o)
c disposition
ﬁ . Many of us have maths trauma or
/ Task 1.2: Two minute Tango 1 wounded maths stories.
B With support from lecturers and
peers we can change
g 1 200-1= 1 =256 -100 our maths stories.
(o) 2 | —=20-1 12 | 100 more than 23 is
- :
A 3 |1morethan300is — 13 | If | decrease 134 by 100, | get
\-4 ~

If | decrease 56 by 1, | get 14 | 207:197:187;

=

5 (127:126;125; 15 | 4 plus100= ___
6 |10 morethan50is 16 | If l increase 146 by 1, | get
/7 | — =105-10 17 |9+6+1=10+___

8 | If | decrease 50 by 1, | get 18 | 99+26+1=100+__

19 | 89 subtract1=__

9 | Iflincrease 25 by 10, | get

10 |4:;14:;24;, 20 | 55-10=____

Children should learn the small, medium and
large counting songs.

e Counting forwards in 1s is the same as adding 1 each time
e Counting forwards in 10s is the same as adding 10 each time
e Counting forwards in 100s is the same as adding 100 each time Jumptrak

Two Minute Tango 1
They should have a mental image of the number songs Practice the small, medium and large

counting songs. Count backwards and

as a number picture and as a number line. forwards in 1s, 10s and 100s..

The counting pathway (hnumber pictures) The measurement pathway (number lines)

(o) (o] (o] (o]
:::;l 47 48 49 50 51 AAAA
48 49 50 51
Medium 47 (10) (C10) (C10) N T YN

song 58 59 60
57 67 77

Large
song 37 | 100 || 100 || 100 N N
147 247

147 247 347
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Summarise in your own words 4
main ideas in this introductory unit.
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The counting pathway

@ The counting pathway

A counting pathway is a route for learning about numbers, where the starting point is discrete
quantities (discrete objects or discrete events).

The key ideas in Unit 2 are:
1. Following the counting pathway to learn about numbers, children count discrete
objects or discrete events.
2. Children learn to ‘count with meaning’ by moving along a counting trajectory.
3. Children first learn to count in 1s. But to understand number names beyond ten, they
need to count and structure in 1s, 10s and 100s. They also count and structure in 2s

and 5s.

gl
(53
)
=
>
)
Y4

These are the main features of the counting pathway.

Quantities Discrete quantities that can be counted
Pathway into Counting pathway

number sense

Unit Counting unit (often in 1s, 2s, 5s or 10s)
Metaphor A container

The container
or the set
of 5 objects

Adiscrete
object

or

An element

Representations | Number pictures

00000

Number meaning | Cardinality
Number is the size of a set/collection of discrete quantities.
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-=@® Children learn to ‘count with meaning’ by moving along a

counting trajectory

Children learn to count, moving along a counting learning trajectory:

Stage 1: Choose what to count, and match objects one to one

Stage 2: Compare collections (by subitising) to identify which has more or fewer

Stage 3: Learn the number song (say the small number sequence to count in ones)

Stage 4: Realise that it does not matter where you start, you must touch and count each
one. So they notice where they start and end to count a set of objects (so they
don’t count the same object twice) (order irrelevance)

Stage 5: Abstract the number-ness of a number. Know that five can refer to five objects
or five pictures or five events or 5 steps etc.

Stage 6: Know how many there are. Match one counting word to each object in

the collection and realise that the last number named is how many there are in

the set (cardinality).

Umthamo 2.1 Umthamo 2.2
Discrete quantities Subitising

One to one

Umthamo 2.3
Counting songs (1s,10s,100s):
(stable order and order irrelevance)

Stable order

Approximate Order irrelevance

CZDFFESPDI'ICIEI'ICE

Choose the
counting unit
Repeat that
unit

number system
Subitising

Counting
s0ngs:

Small,
medium, large

Choose
anywhere to
start

Umthamo 2.4

Abstraction and cardinality

Abstraction

Represent in
different ways ‘ M ~

Cardinality

4 Realising )
that it
3 doesn't
Learning matter
the number where you
Comparing names and start, you
collections sequencing must just
to see them in touch and
Matching which has order count each
objects one more and A One. S

which has
fewer

Source: Adapted from Kuhne, et al. (2017) R-Maths Concept Guide, p. 62

atching
one counting
5 word to each
Five-ness: object in a
“Five" can collection to
refer to count: How
5 spoons, many? The
5 counters last number
5 fingers, named, is
etc. . how many
there are.
y “There are

/! ¥ % \ 5

S
88 RS
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Discrete quantities

Introduction

The key ideas in umthamo 2.1 are:
1. Stage 1 of the counting trajectory is choosing a counting unit. What are we counting?
2. In Stage 1the chosen counting unit is repeated, and discrete objects are matched
one-to-one (a finger is matched to an object, forks are matched to knives, a counting
word is matched to 1 discrete object
3. A mental picture for a number of discrete objects is a container (tomatoes on plates)
e We can express and imagine whole numbers as discrete objects and events,
using many different representations
e We use whole numbers in many different contexts: measurement, shape &
space, and data handling
4. Maths does not make sense if your only mental picture is counting and structuring in
ones. To understand the base-ten number system of place value, you need to:
e Count and structure in 1s, 10s and 100s.
e You use the small, medium and large counting songs. Count in 1s, 10s and 100s
from any number
e Add and subtract 1s, 10s and 100s from any number

The counting trajectory

ks

Umthamo 2.1 Umthamo 2.2
Discrete quantities Subitising

Counting songs (1s,10s,100s): A N
(stable order and order irrelevance) Abstraction and cardinality

Umthamo 2.3 w Umthamo 2.4

One to one Approximate Stable order Order irrelevance [ ATE Rl Cardinality
Gl LGN G EN T number system
Choose the Subitising Counting Choose Represent in 6
counting unit s0Ngs: an ere to different ways ‘ ) R
Repeat tghat Smagll. stay:h ¢ Matching
unit medium, large one counting
5 word to each
Five-ness: object in a
Realising “Five" can collection to
that it refer to count: How
3 doesn't 5 spoons, many? The
Learning matter 5 counters, last number
2—\ the number where you 5 fingers, named, is
Comparing names and start, you how many
collections seguencing must just there are.
io see them in touch and ™ "There are
which has order count each ;/jé? i g
more and \__one. J %
which has
. .. 5

\ fewer y. (| » " A y@
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wn@) Choose and repeat the counting unit.

-@® Stage 1a: Choose what to count (the counting unit)

When children count how many discrete objects they are in a set, they must first decide what
should be in the set. They use their mathematical powers to organise and classify. They
choose which objects to count. They choose an object, and count how many times that object is
repeated.

@ Number talk

D

é There are many “things” or units to count.
f Some children may count the number 3
S of plant tubs. Some children may count How many:
E the number of plants or the number of

-E leaves. There is no right answer. What
< you count, depends on what you decide How did

] is the unit. you work it
cx, out?

In every collection, there is a unit which we
count to see how many of “somethings”
is in that collection or set or group. In
any collection you should define the unit:
What are you counting or structuring?

Once children have decided what they are focusing on (the counting unit), then they can match
discrete objects one-to-one. Even before they can say the number song for counting, children can
match objects one-to-one.

Diagram: Matching one finger to one dot

The child can put one finger on each sticker. A child could put one
sticker on each finger. To do this, they don’t need to know that
there are ‘eight’ stickers, or ‘eight’ fingers. They can just match
the discrete objects one-to-one. Children can also match discrete
events one-to-one.

Diagram: Matching on action/event to one sound

The child can jump each time they hear a clap. The

=
& X Jump/skip each time | clap. don’t need to be able to count. They match discrete
/8 ?;6?\ Clap Skip events one-to-one.
(‘ﬁ\:‘/ Clap Sk!p
—T) g::p gE;p Children use one-to-one correspondence, even
y Clag Skig before they can talk.
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UMTHAMO 2.1: DISCRETE QUANTITIES

--@® A mental plcture for discrete objects:

We imagine and express discrete objects in many different ways.

Children move between representations of numbers: literal, concrete, iconic, indexical, and num-

ber symbols.

Diagram: Types of representations

Number
5=3+2 |sentence Concrete . Q

& Note: ﬁ
‘ As this is a book/ presented
Literal o online there are no “literal”
objects. We use a photograph to

depict the “literal” objects.

™

s
symbol / @ Q

O O O Indexical @g
O

Concrete

Literal objects are real physical objects in their surroundings: sticks,
stones, forks, bowls, leaves, hats, shoes

Concrete objects are physical objects which represent the literal objects
such as bottle tops, or unifix cubes. They are also called manipulatives.
They are concrete as they can be touched, joined and arranged.

Pictorial

Iconic pictures: Children also use drawings or picture of collections
objects. They can draw a lock or key or hat, or a few stones or a pair of
shoes.

Indexical picture: Overtime, they start to draw with less detail. Instead
of drawing 4 leaves, they just draw 4 circles to show how many there
are.

Abstract

Number symbols: Only in Grade R and 1 do they start to recognise and
learn to write number symbols.

Number sentences (symbolic syntactical): Later they start to write
number sentences (using symbols like + and — and = in Grade 1, and
only using x and + by Grade 3). A number sentence describes the
relationship between collections of discrete objects.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



=@ A number picture for discrete objects

Researchers used to think that children must always start with the concrete, move to the pictural
andthen movetothe abstract(Concrete=Pictorial»Abstract). We now know thisis nottrue. Children
need to work in both directions: Concrete=Pictorial+Abstract and Abstract=Pictorial=Concrete.
Children need to have a strong mental picture of what the number symbols mean and of how
different numbers fit together.

A key representation for the counting pathway are sets of discrete objects (like apples or marbles,
or people) which can be counted in ones. The discrete objects are contained or encircled into a
set. We use a ‘container’ metaphor for the number of discrete objects contained in a set (Lakoff
& Nunes 2001).

Diagram: A number picture for discrete objects

One way that we think about a humber
is using the idea of a container.

5 is a collection of 5 discrete objects,

The discrete objects are the elements of the set. The elements are the units we use to count
how many there are.

Diagram: A number picture — the container metaphor

The number 5 is a collection of 5 discrete objects

The container
or the set
of 5 objects

Aplate
of 5 tomatoes

At t
A discrete omato

object
or
An element

Thinking about the number 5, we imagine 5 objects in a set or collection. The 5 discrete objects
are grouped together into a container. This is the cardinal use of number. There are five discrete

objects in the set — so the set has a cardinality (size) of 5.
UNIT 2: THE COUNTING PATHWAY @



UMTHAMO 2.1: DISCRETE QUANTITIES

Tasks: Fluencies and structuring (1s, 10s, 100s)

_,/ Task 211 Number pictures — A container metaphor for discrete objects

Sets of leaves

In the counting song for ones (small number song), each number is within
the next number.

They are a nested set.

1. Continue the nesting pattern:

1is inside the set of 2
2 isinside the set of 3
is inside the set of
is inside the set of
is inside the setof ______

The big idea here is that 1; 2; 3; and 4 are all within the set of 5.

2. Choose a discrete object to draw (eg. an apple, a pencil, a hand, a brick...). Draw
12 of these discrete objects. Draw a circle around the ten objects to show the set
of 10.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



w=@® A number picture for discrete objects

3. Now draw the 12 discrete objects using an index/symbol (e.g. a circle or
a triangle, or line) for each object. Draw a circle around the
ten objects to show the set of 10.

4,
How many?
song 1 2 3 4 5 6 7
How many?
There are tens.
Medium
song 1 5 3 4 5 There are ones.
How many?
There are
Large hundreds
song
There are
tens
There are
ones
1 2 3

As teachers we ALWAYS draw by structuring in 100s, 10s and 1s
Children will start drawing with 1s.
But, as teachers, we help children to structure in 100s, 10s and 1s

UNIT 2: THE COUNTING PATHWAY



Fluencies ﬁ

(o)
g’ Bonds of 5
m Bonds of 10
=
o /Task 2.1.2 Two minute tango 2
wd
s |
£ 1 |2+__ =5 N |5-5=____
=
o 2 |20+ =50 12 |75-5=___
3
- 3 |200+____ =500 13 [375-5=___
e~
.g 4 | +1-5 4 +7=10
5 | +10=50 15 |70+ ______ =100
6 | +100=500 16 | +700=1000
7 |4+______ =25 17 |4+ =10
8 | +4=25 18 |4+_______ =20
9 |250-_______ =40 19 |14+______ =20
10 [250-40=______ 20| +4=20

Equals means is the same as.

Equals DOES NOT mean “makes” or “find the answer”.

My number plus 2 is the same as 5. What’s my number? or
Something add 2 is the same as 5. What’s my number?

D +92 _ 5 Jumptrak
Two Minute Tango 2
Practice bonds of 5, 10 and 20.
A Add together to make 5, 10 or 20.
Subtract from 5, 10 or 20.

| can add ones. So | can add fens!

5 + 3 = 8
oo
L afe
'i ajjle
L afe
L ape
.i aje
Iknow that 5+3=8 nnlo
Therefore: | know that 50 + 30 = 80 50 + 30 - 80 ﬁ
Number facts connect in 1s, 10s and 100s. Make connections
If you know one num-
e If| know that5 +3 =8, then | know that 500 + 300 = 800 ber fact, then use the small,

medium & large numer songs
to work out new facts

e |f| know that5 + 3 =8, then | know that 5 000 + 3 000 =8 000
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SUMMARY

Name and draw the different types of representations children use.
Draw a number picture (tomatoes on plates) for discrete objects.
Is your drawing indexical or iconic?
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UMTHAMO 2.2

Subitising
Introduction

The key ideas in umthamo 2.2 are:

1. There are 6 principles which children must apply to count with meaning:
one-to-one correspondence, comparison, stable order, order irrelevance, abstraction
and cardinality.

2. Stage 2 of the counting trajectory uses the approximate number system to compare
which has more or fewer.

3. In Stage 2 children subitise (quickly see without counting)

e First they use perceptual subitising (for small sets less than 5 or 6)

e Then they use conceptual subitising (bigger sets are split up)

o Next they use conceptual subitising with place value and skip counting
(using the small, medium and large counting songs)

e Finally they use conceptual subitising with place value and multiplication.

1. Maths does not make sense if a child’s only mental picture is counting and structuring
in ones. Children can:

e Use number pictures that are structured into 1s, 10s and 100s.
e Structure number in 2s and in 5s
e Be fluent with bonds of 10, and counting in 5s.

2

Umthamo 2.1
Discrete quantities

Umthamo 2.2
Subitising

Umthamo 2.4

Abstraction and cardinality

Umthamo 2.3
Counting songs (1s,10s,100s):

(stable order and order irrelevance)

One to one Approximate
LG ELT L G EN Wl number system

Stable order Order irrelevance [-GE w1y Cardinality

Choose the Subitising Counting Choose Represent in
counting unit songs: anywhere to different ways
Repeat that Small, start Matching
unit medium, large one counting
5 word to each
Five-ness: object in a
Realising “Five” can collection to
that it refer to count: How
3 doesn't 5 spoons, many? The
Learning matter 5 counters, last number
the number where you 5 fingers, named, is
Comparing names and start, you how many
collections sequencing must just there are.
to see them in touch and 25 “There are
Matching which has order count each {{/ o\ 5.
objects one more and L p
which has . . 5
fewer 0\ L3 A f L) 1n
) *%ﬁ , o " oS
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w=@® The counting trajectory

With plenty of hands-on activities and guidance from the teacher, children begin to understand
and apply the following counting principles:

One-to-one correspondence principle: Matching discrete objects and discrete events one-to-
one. Children match discrete objects by touching and arranging them. Children match discrete
events with an action. They can track events on their fingers or by moving stones or by drawing
a mark.

Compare using the approximate number system: Children use the Approximate Number System
(ANS) to compare small sets of objects and identify which set has more and which has fewer.
They use perceptual subitising to compare two small sets.

Stable order principle: Children know the small nhumber song. Number names are always
arranged in the same fixed order, e.g. one is followed by two, two is followed by three, three is
followed by four, and so on.

Order-irrelevance principle: The order of counting the objects in a collection does not matter.
Children need to understand that however we arrange the objects, the total number of objects in
the collection remains the same.

Abstraction principle: Children understand that even if groups with the same number of objects
look very different (e.g. five grapes, five people, five houses) they have the same numerosity, i.e.
‘fiveness’. They realise that counting can be applied to objects, pictures, colours, shapes, or even
actions or sounds.

Source: Kuhne, et al. (2017) R-Maths Concept Guide

Cardinality principle: The last number word said when counting a collection represents the total
number in the collection. When a child is able to answer: ‘How many are there?’, they have
reached an important counting milestone. They can now count with meaning. They realise that
the last number that they say in the number song name, is also how many there are in the
collection. They have found the cardinality of the set.

In this umthamo, we focus on comparing discrete quantities using the ANS.

We learn about subitising
Humans can reason ﬁ Humans are born with ﬁ

Humans are born with about quantities BEFORE an APPROXIMATE NUMBER
an OBJECT TRACKING THEY CAN TALK SYSTEM (ANS). This allows a
SYSTEM (OTS). This allows a ’ baby notice which has more

baby to track the movement of or less, or when an object is

up to 4 objects (or people). ' missing (up to 5 or 6)
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UMTHAMO 2.2: SUBITISING
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=@ The approximate number system

At a very early stage children use their approximate number system. Babies as young as three
months notice when a discrete object is missing.

If you show a baby a screen with 4 dots,

and then
show them the same screen with 4 dots,

and then
show them the same screen with 4 dots,
they will get bored.

But then if you show them a screen with 3
dots, the baby will look puzzled,

They will look longer and wait
to see what you do next.

They look for the missing dot.

Children can compare two small collections and identify which collection has more. They can
show you which set has more and which set has less.

Are there more black dots or

. . . " grey dots?
® . . . . If this activity is too difficult try the

. ' . . same task with a small sets of objects.
The bigger the difference in size

G dot between the two groups, the easier it
Black dots rey dots is to compare.

You use your approximate number system to compare sets.

Are there more white

dots or grey dots? .O . - . O
@
@® O O
® O
O e O
® o

.
‘o
e, O @ 0%
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=@ Perceptual subitising

Early on (before and during Grade R) children use perceptual subitising. Soon there after (Grade
R and Grade 1) they use conceptual subitising (in 1s). As they move beyond a group of ten, they
use conceptual subitising to link this with place value. First they use skip counting (of the small
and medium counting songs), later (Grade 2 and 3) they link place value to multiplication.

@ SOME IDEAS FOR YOUR CLASSROOM

Teachers can design tasks that are the right level for their children. Here are examples of activ-
ities which move from perceptual subitising (Grade R and before) to conceptual subitising with
place value and multiplication (Grade 3 and after).

@ Perceptual subitising

Perceptual subitising is for small sets of objects (up to 5 or 6). It is instantly recognizing and
naming quantities without counting.

How many dots?
This child can subitise up to 5 or 6. They use

How many dots? perceptual subitising.
®  enaicky s, Children use their approximate number system
P Five. to compare two groups. They can see who has
® o more and who has less (without counting).

Children subitise to play 1,2,3 Show! or 1,2,3 Vezal!
1. Start with children using only one hand. They use conceptual subitising to play
e Who has more?
e Who has less?
e How many? Zingaphi?
e How many more? How many less?
2. Later, children can use both hands. They use perceptual subitising to play

e Who has more?

e Who has less?

e How may? Zingaphi?

e How many more? How many less?

UNIT 2: THE COUNTING PATHWAY @



UMTHAMO 2.2: SUBITISING

Use perceptual subitising to play 1,2,3 Show! with only one hand.

GAME OF THE WEEK:

123! How many? Zingaphi?
- Play in pairs.

- Put hands behind back.

- Say together, I, 2, 3| Zingaphi?

- One child shows fingers on their one hand.

- The other child says how many they see,
quickly.

- Do again! Faster!

§ Game

To find How many?, children can subitise - they don’t need to count.
They can use their approximate number system to find
Who has more? and Who has less?

z GAME OF THE WEEK:
S
& 123! Who has less?
* Play in pairs.
- Put hands behind back.

- Say together, “I, 2, 3| Who has less?

+ Both children show fingers on both hands.
- Who has less? Ngubani onokuncinci?

- Do againl Faster!

Parents or siblings can play 1,2,3 Veza at home.
The child uses perceptual subitising to quickly say How many?

& Game

1-2-3 VEZA: ONE HAND

* You and your child put one hand
behind your back.

- Say together, “I, 2, 3, Vezal”
- Both of you show fingers on one hand.
- Your child says how many they see,

as quickly as possible.




w=@® Conceptual subitising

@ Conceptual subitising

Conceptual subitising is for bigger sets of objects (more than 7). Subsets are created and then
combined.

Children subitise and use their fingers to structure numbers by breaking up bigger numbers into
smaller parts. When children break up a bigger collection into smaller sub-groups, this is called
conceptual subitising.

How many dots?

How many dots?

Three and four

S<--Activity for learners

So there are
seven dots.

This child can subitise beyond 5 or 6. They use conceptual subitising.
Conceptual subitising by structuring in 5s

Because we have 5 fingers on each hand we structure our number system using 5s and 10s (we
have a base-ten place value system).

How many?
g y
; Which one is easiest to quickly see how many, without counting?
=8 Which one does not belong? Why?
S
>
&3
Z 00 (00000 Lo/ |®000ce o0
< oo | |® ° o )
cx) o0 ®e

Children can subitise! They know they have 5 fingers on each hand. To show 5, they show all
their fingers. There is no need to count each time. Beyond 5 they start using 2 hands.

UNIT 2: THE COUNTING PATHWAY @



UMTHAMO 2.2: SUBITISING

How many dots?

00000 00000 f | ~
00000 00000 |sse grouge of 10

then 31, 32, 33, 34.
So, 34 dots.

S<--Activity for learners

I

00000

00000 ) ©00O0 \A

This child uses conceptual subitising (for the 3 groups of tens, and the 4 ones). They skip count
in tens (the medium number song) and then switch to count in ones (the small number song).

@ Conceptual subitising using multiplication

This drawing is done by a child.
A teacher would show ‘10’ and not draw 10 ones

4

(M)

=

= How many dols?

=

S cooco0e) (oeooe

- 00000 00000

e

S 5 tens are 50.
"; 0000 0000 2 threes are 6.
< Do00O 00000 S0 56.

00000 ) 00O
0000 ) 000

The child uses conceptual subisiting with place value and multiplication
10 repeated 5 times is 50. (10 x 5 = 50)

3 repeated 2 times is 6. (3 x 2 =6)

50+6 =56

So it it 56.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER
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w=@® Structured number pictures

@ Number pictures that are structured into 1s, 10s and 100s

Children need to structure collections of discrete objects. When working with concrete materials
they should arrange the objects into groups. When drawing, they slowly learn to structure bigger
groups of objects using the base-ten place value system.

It is helpful to have a mental picture of the time it usually takes for children to structure numbers
and work with number pictures.

Diagram: A learning trajectory for number pictures

=~ Grade R =~ Grade 1- IEXCICCREN = Grade 2- EXCIE-LEWEAM =~ Grade 3

Hundreds,
tens and
ones

Ten as
1 group of
10 ones

Ten as -888 8

2 fives
00

100

of ones

Number pictures use the base-ten place value system.

A one is a small circle.

A ten is big circles with 10 written inside.

A hundred is a square with 100 written inside.

Children need to fluent with bonds of 10. They re-order calculations to find the 10s.

As teachers we ALWAYS draw by structuring in 100s, 10s and 1s.
Children will start drawing with 1s.
But, as teachers, we help children to structure in 100s, 10s and 1s.

Find the 5. Then add. Draw a line to find each 5.
/5\
1+3+4= 4+2+1= 2+3+3=
2+3+4-= 4+10+1= 1+2+4=

UNIT 2: THE COUNTING PATHWAY



UMTHAMO 2.2: SUBITISING

/ Task 2.2.1 Designing subitising tasks for children

1. How many different ways can you see how many dots there

are in total?

Mathematical acting ﬁ

and thinking

Express and imagine discrete objects
and events in many different ways

A metaphor for discrete objects is a
container (tomatoes on plates)

Number Talk: How many?

Teacher records

nested sets

Make groups.
Circle or join the dots

Draw the pattern

Write the number sentence

Smaller numbers are contained with
bigger numbers — they form

OO
OO O
© -0

3+3+1=7

//

3+2+2=___

/1,

Notice that the structure of the picture, stays the same.

Each picture has 7 dots. The structure is preserved. What changes is how the elements (or units) are arranged

or grouped.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



The South African Numeracy Chair project has produced a guide for grade R teachers on

subisiting. Here is an extract from their guide:

2.

In this handbook, we refer to regular and alternate dot patterns.

Regular dot patterns, especially from 1 to 6, are the easiest to recognise. These are those most

commonly seen on dice, dominoes and playing cards.

Alfernate dot patterns work with other dot arrangements and are infended to help the leamers to ‘see’
patterns in different configurations. This is because different arangements of dots lead to different

decompositions of that number.

For example, here 6 dots can be seen in different ways:

w=® Number pictures

Seenas?2,2and 2
O o)

@)
o @)

@)

Seenasband 1

O O
O o0
O O

Seenas3and 3

o O O
o O O

Seenas4and 2

OO0 O
oo ©

Number talks: How many?
Circle or join the dots to make groups. Write the number sentences.
5=2+3 __ = __ =
o @) O 0o o ©
@) O o ©O
o O O o)
— — o
o o © o0 © 00 o © o
© 0o °© o o © 00 o0
o o . o0 o °
oo © 000 o o
@)
©o0 00 0000

SA numeracy chair
Rhodes university
Early Number Fun programme
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UMTHAMO 2.2: SUBITISING

/ Tasks: Fluencies and structuring (in 2s, 3s and 10s)

# Task 2.2.2 Fill up a ten frame " ton-frame
ictures:

We can structure numbers by filling up a ten frame. This helps children to I;E,T(gﬁ;g‘gcbyzs

work with the base-ten place value. As children can subitise up to five, we and 55 -

use a ten-frame to picture numbers. Here is a ten-frame showing 6.

Structuring ﬁ

represen’cations

Number pictures: Using

To structure in 2s, we make groups of 2.

To structure in 5s, we make groups of
Each column has space for 2 dots.

5. Each row has space for 5 dots.

0o0000 o000
L 00
Start on the left and fill in pairs — one on the

Start on the left and fill up the top row
top, one of the bottom.

then the bottom row.

1. Structurein 2s

- ,_J Zibailo is very organised!
—~) She clways organises scones in 5s and [0s!

Zibdlo loves to bake. She bakes scones to sell. She
ALWAYS bakes scones in rows of 5 or columns of 2

t[golol0
D B st b

2. Structure in bs
He|P Zibalo P|qce scones on baking tr*cuas. Or'gcnise each tr‘ag
into rows of 5. Do not P|cce more than [0 on one tr*aH!

+§3389F° D) (1D

—
o
T
—
T
L

N | S
'S

Il{

Children will start drawing with 1s.
As teachers we ALWAYS draw by structuring in 100s, 10s and 1s

@ MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



=@ Number pictures

1,2,3 draw! (Structure by 5s)

3. Draw using 1s, 10s and 100s

- ¥ Zibalo just baked more scones. -
\\e-"/”*'/f’“"f% Help her draw the numbers.
Draw the numbers.

21\ 00000 Q0000 O
00000 00000

& Game

13

53

47

35

As teachers we ALWAYS structure in 100s, 10s and 1s
e For 10, draw a circle and write 10 inside it.
e For 100, draw a square and write 100 inside it.

UNIT 2: THE COUNTING PATHWAY @



Fluencies ﬁ

o

(o)}

c Make connections with

ﬁ bonds of 10

) / Task 2.2.3: Two minute tango 3

hd

=

£ 1| +2=10 1|100-80=___

=

(o) 2| +20=100 12 1100-—___ =40

- 3|/10-6=______ 12|10-—____ =4

e~
°§ 4/100-60=___ 4| +7=10
5|/8+_____ =100 15|20+ =100
6|/100-8=___ 6| +200=1000
7(100-3=___ 17 |3+ =10
8|100-30=___ 18 | 13 + =20
9| +20=100 19|23+_ =30
10| +80=100 20 +3=20
Bonds of 10 ﬁ
Representations

Bonds of 10 are “friends in love”
Ten frames are trays of 10 scones.
Structure by 2s - with 2 in each

column or structure by 5s -
with 5 in each row. ’

Jumptrak

Two Minute Tango 3
Practice the bonds of 5 and bonds of 10. Add
together to make 5 or 10. Subtract from 5 or 10.

4 + 6 =10. 4 and 6 are best friends. Together they add up to make a full baking tray of 10 scones.

Make connections ﬁ
e I[f4+6=10,then 40 +60 =100

e [f4+6=10,then 400 +600 =1000, etc. If you know one number fact
(eg. a bond of 10),

then use the small, medium

You can use your bonds of 10 for many other calculations.

If you know that 4 + 6 =10, then you can visit the next multiple of ten: & large number songs, to work
out new facts
e [f4+6=10,then14+6=10+10=20
e If4+6=10,then24+6=20+10=30

If4+6 =10, then 34 + 6 =30 + 10 = 40, etc.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



SUMMARY

Explain the difference between conceptual and perceptual subitising and
give examples.
Give an example of a mistake that you made, and what you learnt from it.

UNIT 2: THE COUNTING PATHWAY



UMTHAMO 2.3

Counting songs

Remember the key ideas in unit 2 were:
1. Following the counting pathway to learn about numbers, children count discrete objects
or discrete events.
2. Children learn to ‘count with meaning’ by moving along a counting trajectory.
3. Children firstlearn to countin1s. But to understand number names beyond ten, they need
to count and structure in 1s, 10s and 100s. They also count and structure in 2s and 5s.

Introduction

The key ideas in umthamo 2.3 are:

1. Stage 3 of the counting trajectory is learning the small number song (in 1s)

2. The number song is different depending on the language used. The numer names in
some languages are more transparent and regular that other languages.

3. In Stage 4 of the counting trajectory children realise that no matter where they start
when counting a set, they get the same amount (order does not matter). They touch each
object as they say each word of the small counting song.

4. Maths does not make sense if your only mental picture is counting and structuring in
ones. You need to count and structure in 1s,10s and 100s.

There is a counting trajectory of different stages which children follow when learning to count.

Umthamo 2.1 Umthamo 2.2
Discrete quantities Subitising

Counting songs (1s,10s,100s): Abstraction and cardinality

1—F
Umthamo 2.3 Umthamo 2.4
(stable order and order irrelevance)

One to one Approximate Stable order Order irrelevance LTS ) Cardinality
[RGB G ED T number system

Choose the Subitising Counting Choose Represent in

counting unit s0Ngs: anywhere to different ways 6 Matchi
Repeat that Small, start atching

one counting

5 word to each
Five-ness: object in a
Realising collection to

unit medium, large

X ‘Five" can

* that it refer to count: How

‘3 doesnt 5 spoons, many? The
Learning matter 5 counters, last number

the number where you 5 fingers, named, is

Comparing names and start, you etc how many

collections sequencing must just there are.

to see them in touch and - “There are

Matching which has order

objects one maore and

count each p ,/ , b
\_ one. ) LA % —
which has :

fewer W\ &7 1; o ‘»{Z/‘jﬂ
Ly %

In this umthamo we focus on learning the number song. When children start to match each number
word to a particular discrete object or event, they then apply the order irrelevance principle.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER
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=@ The number song

@ Stage 3: Learn the number song — stable order

Children have reached stage 3 of the counting trajectory when they can apply the:

Stable order principle: Children know the small number song. Number names are always
arranged in the same fixed order, e.g. one is followed by two, two is followed by three, three is
followed by four, and so on.

To count in 1s with meaning, children need to;
e Know the number song (say the number words in sequence) starting at 1 (like a
rhyme or a song).
e Match the number word with each action or object. This is one-to one
correspondence.
e Know that the last number name that they say, is how many there are in the
collection (cardinality of the collection).

How many bottles?

Count the bottles

How many are there?

There are
three bottles.

Some children will not match each word to each bottle. They might say “one-two-three-four”,
but they don’t match each number word to each bottle. They know the forward counting song
in ones, but they have not yet matched each number word to each object. Touching each bottle,
and saying each word may assist.

Some children will match each word to each bottle. They might say “one-two-three”. But when
you ask them: So, how many bottle are there? They start counting again from one. They say “one-
two-three” again. This child does not yet know that the last humber they say, is the number of
the set of bottles. To see if they can apply the cardinality principle for four, you can also ask them:
Show me 4 claps, or click 4 times or fetch me 4 pencils.

If a child cannot do this for four, then try the same activity for smaller numbers. They develop the
cardinality for sets of 1,2 and 3 objects and events, before they develop their sense of cardinality
for bigger numbers.

UNIT 2: THE COUNTING PATHWAY @



UMTHAMO 2.3: COUNTING SONGS

@ Stage 4: Match the number word to each object — order irrelevance

By the time children reach stage 4, they can classify and sort to choose what they count. They
can match objects one-to-one (stage 1). They can tell you which group has more, and which has
less. They know when two small groups are not the same (stage 2). They know the number song
(possibly in more than one language) (stage 3), and they say the number words for the number
song in order — forwards and backwards.

At stage 4 they now connect one-to-one matching with the number song. The say each number
word as they touch each object AND, they realise that the order that they use to touch each
object does not matter.

At first children don’t structure groups of objects. Counting is then more difficult as they lose track
of which objects they have touched and counted. They may count an object twice. They may
miss out an object and not count it.

With help. children start to arrange objects into patterns so they can keep track of which
objects they have counted. They may arrange the concrete counters in a long line (vertically or
horizontally).

Diagram: From unstructured to arranging in lines or patterns

Unstructured ooo%o Its hard to count these.
Can you arrange them to make it easier to count?

How many?
Arrange
in a line
Horizontally @ 2 3 4 5 6 7
or vertically ~ If I start counting from the left

o o o o (e] o o

How many?

(0) (¢] (0} O (0) o (¢]

then, | always
7 6 5 4 3 2 ’
or @ get the same

if | start counting from the right, amount.

When children realise that it does not matter which side they start to count from (left or right, top
or bottom), they apply the order irrelevance principle. They know that however they arrange the
objects, they will always get the same amount.

Order-irrelevance principle: The order of counting the objects in a collection does not matter.
Children need to understand that however we arrange the objects, the total number of objects in
the collection remains the same.

@ The number song is different depending on the language used.

Children must learn to say the small number song (counting in 1s) forwards and backwards.
When they get to school they start to write the numbers words (eg “two”) and number symbols

(eg. 2).

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



=@ Number songs in different languages

To write all numbers we only need 10 number symbols:
1,2;3;4;5;6;7;8;9and0.

But, to say all numbers, we don’t only use 10 number words.
In most South African classrooms the number song is learnt in two languages: a home language

and English.

Depending on the language we speak, we can have far more than ten words. We also have
different ways of combining the words to denote the counting unit, and rules for how we say
numbers that are bigger than ten.

Stimulus

English isiXhosa Sesotho

A visual stimulus depicting a
number of objects.

This could be imagined from
situation or a story problem,
or shown visually as concrete
objects, iconic pictures of a
set of objects, or a more
indexical depiction of the
objects.

ODODOD
0000

(wloielele
(we)elole

(wlole)

A chain of sounds which
makes up the number word

a-sh .| ma-sho-me
a-ma-shu-mi .
twen-ty- . . | -a-ma-be-li-
-a-ma-bi-ni-
three a-me-tso-e-
a-nan-ta-thu
me-ra-ro

The 10-wise place value
structure implicit in the
number name, number
symbaol

2 tens and 3 units

(Transparent in number words for
isiXhosa and Sesotho, but not
transparent for English)

The number name written
using letters of the alphabet
and pronounced using a
chain of sounds.

ashumi mashome a
amashumi R
Twenty- .. mabeli a
amabini
three metso e
anantathu
meraro

A multi-digit number symbol
making use of only 10 digits
0,1,2...,8,9)

23

isiXhosa and Sesotho are transparent.
How can a teacher use number names in African languages, to help build number sense?

UNIT 2: THE COUNTING PATHWAY




UMTHAMO 2.3: COUNTING SONGS

f Tasks: Fluencies and structuring (1s, 10s and 100s)

/ Task 2.3.1: Number pictures with 1s, 10s and 100s

1. Circle the tens

00900 000%0
ogooo 00 OOQ How many 10s?

000%0 000%0 0| How many ls?
000%0 000%0 ¢ #

Children will start drawing with 1s.

06900 000%0
08000 00 OOQ How many 10s?

00090 090%0 0| How many ls?
000%0 000%0 ¢ i

As teachers we help children to circle 10 ones, and then to write 10.
As teachers we ALWAYS draw by structuring in 100s, 10s and 1s

2. Quickly see and write down how many there are:

“I0s:* means how many fens?
What is the number? “Is" means how many ones?

10s: Is:

0 4 6

00000

46 =10 +10 + 10 + 10 + 6

gg
6o

46 =40 + 6

10s: Is:

0

€

CEle

Circle the |0s. How much monea?

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER




=@ Number songs in different languages

How many 100s? How many I0s? How many Is? {" @

DI"‘GW eCICh number. DPGW O to ShOW one. DPGW (D

to show ten. Draw

to show 100.

O O I00s? | 10s? | I's?
. OO " |
I00s? | 10s? | I's?
215
I00s? | 10s? | I's?
305
I00s? | 10s? | I's?
142
Count. forward bﬂ |00s: When we count FORWC:’;SJS :ﬁ Q large song
(forwards)
5
23

Count. backwards 53 |00s:

When we count BACKWARDS in I00s,
we subtract 100s.

&

982

905

UNIT 2: THE COUNTING PATHWAY

large songs (back-
wards)



UMTHAMO 2.3: COUNTING SONGS

4. We can use the medium number song for adding tens.

We can add big numbers by breaking down the
second number. Let's draw number pictures!

Ta' Jola drove L5 kilomentres. Then he drove 30 kilometres more. How
many kilometres did he drive o|t09et|'\er‘?

45km + 30km = 70km

5> + (10 + (10)+ (o)
2 55 65 75
¢ g ©
N | write the first number. } N I DRAW the second number.
| put it in my head. 30is 3 fens!
| ADD each I0!

45+ 20 =

63 +20 =

57+30 =

4

Put the first number in your head. Count forward by I0s! %
/
35+ 10 = 59+30 = 37+ 40 = 27 +50 =

bl + 20 = 38+[0= | 6,+30= | 37+50=

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER




=@ Number songs in different languages

5. We can use number pictures and the medium number song for subtracting tens..

We can subtract big numbers by breaking down @ %
the second number. Let's draw number pictures! >

Usenathi had R75. She loought a book for R30. How much Rand does

she hqve hOW?

R75 - R30 = R45

- ® ® @

D] D)

¢ )
. | write the first number. i I DRAW the second number.
| put it in my head. 30 is 3 fens!
| TAKE AWAY ecich [O!
63 -20 =
5[ -30 =
87-30 =

So|ve bH br‘eqking dOWh the seconcl number‘.

65 - 30 = 65 - 10 - 10 -10 = 35
59 - 20 = 59 - =
a - L0 = 91 - =
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te Tango

Inu

# Task 2.3.2:

Two minute tango 4

Fluencies ﬁ

Use bonds of 10.
Add to visit the next ten.
Subtract to visit the previous ten

1 33+ =40 1 50-10 =

2 |— +3=60 12 |75-2=_______

3 | +7=20 12 |100-_—______ =90

4 |64+ =70 14 |9+______ =100

5 |97+_______ =100 15 | Half of 14 =

6 |—  +9=100 16 (140+2=______

7 83-3= 17 | Double 90 =

8 [84 - =80 18 |98 - =90

9 |65-— =60 19 | —  +2=40 Representations ﬁ
10 (16 =10 20 [ +9=100 e ous 10 or mutiple of 10}

When adding we use number lines, and visit the next ten.

Zibalo LOVES 10!

When she adds she
asks two questions.
What is the next 10?

How far to the next 10?

6+ =10

Next. 10: 20

¢
0 5

Another mental map or
picture for visiting the

next 10, is filling up the 10
frame. You can ask: How

many to fill up the ten?

If | know that 7+ 3 =10,
then | know that
17+3=10+7+3=20

HOW 'FG re 3

Two Minute Tango 4

Practice visiting the next and the previous 10.
What is the next multiple of 10?

How far to the next multiple of 10?

What is the previous multiple of 10?

How far to the previous multiple of 10?

Jumptrak




SUMMARY

What are the key ideas which have learnt so far?
Draw 11, 12 and 13 as number pictures.

Write the English number names.

Write the number names in an African language.
Discuss number names in English versus African languages:
how can they help or hinder children's learning?




UMTHAMO 2.4

Cardinality and Abstraction
Remember, the key ideas across unit 2 were:
1. Following the counting pathway to learn about numbers, children count discrete objects
or discrete events.
2. Children learn to ‘count with meaning’ by moving along a counting trajectory.
3. Children firstlearn to countin 1s. But to understand number names beyond ten, they need
to count and structure in 1s, 10s and 100s. They also count and structure in 2s and 5s.

Introduction

The key ideas in umthamo 2.3 are:

1. Stage 5 of the counting trajectory is abstraction. Children move between different
representations of a number.

2. In Stage 6 of the counting trajectory is cardinality. Children know that they last number
they name in
the counting song, is how many there are.

3. Maths does not make sense if your only mental picture is counting and structuring in
ones. You need to count and structure in 1s,10s and 100s.

4. You also need to be fluent with structuring and counting in 2s. So there are tasks and
ideas for your classroom which involve:
e The number song in 2s
e (Odd and even numbers
e Doubling and halving
e Investigate a number pattern from counting in 2s. Explore the doubling and halving

functions and express the function using algebra.

-]
S
X
=
>
)
¥4

Diagram: A learning trajectory for counting

Umthamo 2.1 Umthamo 2.2
Discrete quantities Subitising

One to one Approximate Stable order Order irrelevance UG e o) Cardinality
Ll = DG N T number system

Choose the Subitising Counting Choose Represent in *
counting unit ELT T ER anywhere to different ways 6

e

Umthamo 2.3 w Umthamo 2.4

Counting songs (1s,10s,100s): Abstraction and cardinali
(stable order and order irrelevance) racti LC I

Repeat that Small, start Matching
unit medium, large one counting
5 * word to each
Five-ness: objectin a
Reahs!ng “Five” can collection to
that it refer to count: How
3 doesn't 5 spoans, many? The
Learning matter 5 counters, last number
the number where you 5 fingers, named, is
Comparing names and start, you how many
collections sequencing must just Ithere are.
to see themn in touch and 25 “There are
Matching which has order count each ,{Jﬁ? ;o 5.
objects one more and N one. S p
which has 5
—_0 o .
fewer \ Lrd A a2 . g
" o /f/ o) -\‘\_\.
&Y 00 N S
00
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=@ Abstracting

In this umthamo we focus on abstraction and cardinality.

Stage 5: Abstract the number-ness of a number. Know that five can refer to five objects
or five pictures or five events or 5 steps etc.
Stage 6: Know how many there are. Match one counting word to each object in the

collection and realise that the last number named is how many there are in
the set (cardinality).

@ Stage 5: Abstracting

ABSTRACTION principle: Learners understand that even if groups with the same number of ob-
jects look very different (e.g. five grapes, five people, five houses) they have the same numeros-
ity, i.e. fiveness’. They realise that counting can be applied to objects, pictures, colours, shapes,
or even actions or sounds.

Source: Kuhne, et al. (2017) R-Maths Concept Guide

Teachers can see whether children can abstract by offering different sets, and seeing if the child
can see which one does not belong.

Which one doesn’t belong?
A O B
O I -
5 @

H--H779y,

In this activity children move between different indexical representations (A, C and D) and the

literal representation (B).
They need to realise that A B and C all represent 6, but that there are only 5 lines in D.

UNIT 2: THE COUNTING PATHWAY



UMTHAMO 2.4: CARDINALITY

Children develop their sense of number sequentially. If | child cannot abstract the concept of 5,
then try with smaller numbers. Show them 3 fingers. Ask them to fetch 3 stones. Then they could
draw 3 dots.

If a child can’t see which set does not belong for 5 objects, then try the same activity but with
only 3 objects.

@ Stage 6: Cardinality

In mathematics, cardinality means the size of a set. The cardinality of a set is how many elements
are in the set. When we think of numbers as being collections of objects which are in a container,
we are using the cardinal meaning of number.

Counting objects and saying how many there are, is also called rational or resultative counting.
This means that objects or events are matched with a number name. To count ‘how many’, learn-
ers need to realise that each object in a collection gets a number name (‘one, two, three, four ...)
and that you count each object only once.

Cardinality principle: The last number word said when counting a collection represents the to-
tal number in the collection. When a child is able to answer: ‘How many are there?’, they have
reached an important counting milestone. They can now count with meaning. They realise that
the last number name that they say in the number song, is also how many there are in the collec-
tion. They have found the cardinality of the set.

‘O SOME IDEAS FOR YOUR CLASSROOM

Maths does not make sense if your only mental picture is counting and structuring in ones. You
need to count and structure in 1s,10s and 100s, as well as in 2s and 5s

Children move through the 6 stages along the counting trajectory for 1s. Children also build on
their knowledge of counting in 1s and start to:

e Count and structure numbers into 2s and 5s

e Count and structure numbers in 1s, 10s and 100s
Later the counting trajectory is extended as they start to use counting for the four operations (add
& subtract, multiply & divide).

-=@® Counting and structuring in 2s

Remember that structuring is as important as counting. Structuring builds on our ability to
subitise.

Counting in 2s
Once children are secure with the number song in ones, they can learn to count in twos.

They need to realise that counting in twos is saying every second number in the counting song.
The whisper the first number word, then say the second number word loudly.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER
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w=@® Counting and structuring in 2s

Whisper; loud, whisper, loud, whisper, loud, whisper, loud, whisper,
One, TWO, three, FOUR, five, SIX, seven, EIGHT, nine, TEN, ...
1 2 3 4 5 6 7 8 9 10

Then learners need to stop whispering and just pause:
pause 2 pause 4 pause 6 pause 8 pause 10 pause 12 pause,...

They learn the counting in 2s song:
Starting at 2: 2, 4, 6, 8,10, 12,14, ... and
Startingat1:1,3,5,7,9, 11,13, ...

Just as with counting in ones with meaning, children then need to match their counting in 2s
song with pairs of discrete objects (cardinal meaning), or as jumps along a number line (ordinal
meaning).

Structuring in 2s
Give children situations that involve pairs or jumping in twos to practicing matching each word to
each pair or jump of 2.

Counting in 2s ... .
How many socks are shown? :

It is more efficient to count '
in 2s than to count in ones.
The same counting prin-

ciples apply, but now the '
counting song in twos is !
used.

e Say a “counting in 2s” number song

e Match each word in the counting in 2s number song to one pair of socks (one to one
correspondence)

e Notice where they start and end (so they don’t count the same pair of socks twice)

e Know that the last number they say in the counting song is how many socks are in
the set (cardinality).

UNIT 2: THE COUNTING PATHWAY



UMTHAMO 2.4: CARDINALITY

=@ A doubling function

Once children can fluently count in twos forwards and backwards, they can link this to doubling.
To double, you choose a number and repeat it. You take 2 groups of that number. The idea of a
mirror line, or line of symmetry can help children picture what happens when you double.

Start with small numbers (less than 5), then increase the size of the numbers for children to prac-
tice doubling. Notice that numbers bigger than ten a structured in 10s. the number picture shows
groups of tens — and not ones.

4 GAME OF THE WEEK:
<
4 Double!
= * Draw a line as a magic mirror.
:E + Your teacher will call a number (O to 100)
E - Draw the number on the left of the mirror
i - Draw the number on the right of the mirror.
% 3
~
Draw a line!
Pretend that it is a magic
mirror! Draw double!
Double 12 Double 32
=%
oo :
ele @)
sils i i
®|®
o0 1 )
Double f-, is 8 Double 12 is 24 Double 32 is b4
QT e B ety e ol ol
There are two s in 8. There are two |25 in 2. There are two 3275 in b4.

Once children have a written method or picture for doubling, they can practice doubling mentally.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



=@ Doubling as a x2 function

& Game

GAME OF THE WEEK:
Fast Maths with Cards

DOUBLE

+ Place number cards O to S in a pile.
Mix them up.
- Flip over one card.

- DOUBLE!

- Do it againl Faster!

When you get very fast, add number cards €
tol0. Then addll fo I5! Can you get up o 20?

If children can double, you can help them think about a doubling function.

@ Doubling as a x2 function
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e ?»? This is a friend of Zibalo cdlled, Function. He is a Maths Robot.
(,ﬂ[; ©
S L

His friends call him Funky. He can be programmed to produce
different math functions.

Function is now Pr‘osr*cmmed to mu|tiP|ld 2s. When you Put adin to
Funlca, it Pr-oduces 6! What, will HGPPen when we Put, each of these
numbers into Funl(37

Children can play: | am thinking of a number.

| am thinking of a humber...Double my number is 6. What’s my number?
| am thinking of a number...Double my number is 10. What’s my nhumber?
| am thinking of a humber...Double my number is 4. What’'s my number?
| am thinking of a number...Double my number is 12. What’s my number?

UNIT 2: THE COUNTING PATHWAY @
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& Game

They are then ready to play: What’s my function.

INPUT OUTPUT
1 2
2 4
3 6
6 12
10 20

| have been programmed to be a function (like funky). Every time you give me a number
(an input), | change that number in the same way.

e If the inputis 2, then the output is 4

e If the input is 6, then the output is 12, etc
You can ask children to give you any input. You double it to give the output.

@ The inverse function of doubling is halving.

Sharing between two children is the same as dividing by 2
We say, "0 hlula ka 2 ngu-3." We write 10 + 2 =5, Half of 10 s 3!

Some things connot be
cut in half. Whan we
g share, sometimes we

have some left over.

Note
Q0 | share 5 marbles equally
© 0 :i:l r‘ur_gfm 2 mbEzT Halving is the same as
(O | Thereis one marble left sharing equally between 2.
over. There are two ways to halve

an odd number.

Share cqruc|| |_LJ between 2 children. How many does each child Depending on what we
are halving we get 1 left

A
receive/’
over, or 1 half.

—qO cr

Q 9+2= Land | hdf
@ 9+ 2= [ and one left. over
¢ o




wn@® Cardinality

understanding

/ Task 2.4.1: Cardinality for ‘counting with meaning’

A teacher wants to see whether her grade R children can count with meaning (rational counting).

She wants to see if they can apply the cardinality principle.

She puts some counters onto the mat (or desk):

Prudence starts at a grey circle. She counts: 1, ,2 ,3 ,4,5, 6, and carries on going round the
circle...7, 8, 9, 10.

Chantal starts at the black circle.
She counts: 1, 2, 3, 4, 5, 6 as she touches each circle.
When the teacher asks: “So how many are there?” She says: “6”.

Evan starts at the black circle.
He counts 1, 2, 3, 4, 5, 6 as he touches each circle. He stops.

Then he starts at the white circle and counts again, matching each word to each circle 1, 2, 3, 4, 5, 6.

Faith touches the black circle. She says: 1.
She touches the white circle. She says: 2,3.
She touches each grey circle. She says: 4, 5,... 6, 7, 8.,... 9, ...10.

1.  Which child does NOT YET apply the order irrelevance principle?

a. Prudence
b. Chantal
C. Evan

d. Faith

2. Which child does NOT YET apply the one-to-one correspondence principle?

a. Prudence
b. Chantal
C. Evan

d. Faith

3. Which child clearly shows they can apply the cardinality principle?

a. Prudence
b. Chantal
C. Evan

d. Faith

UNIT 2: THE COUNTING PATHWAY @



UMTHAMO 2.4: CARDINALITY

f Tasks: Fluencies and structuring (2s, doubling and halving)

# Task 2.4.2: Doubling and halving ﬁ
1. Practice doubling, and show your working using structured number Structuring
pictures. representations
Number pictures: Using a mirror
3x2 30x2 |2 x 2 line for doubling and halving
3 x 2 = 30 x 2 = 2 x 2 =_

2. Whatis my number?

a. |am thinking of a number. Double my number is 4.
What’s my number?

b. Double “my number” is 8. My number is

c. Double “my number” is 12. My number is

d. Complete the doubling function diagram.

INPUT

What's my number?

e. What function is the inverse of doubling?

OUTPUT

Write the function on funky’s screen

f. Complete g. Complete
Double 5 Double 2 Double 26 Double 20
oo  ©O|o
0|0 0|0
0|0 Double 3 212 Dgubg-;e
00 00 8 e o 9
OO0 Q|0 00 |00 8 80

0]

5=2+3 so0 O O 26:204’_,30
Foubies = orer b Double 26 = Double 20 + Double
5x2=(___x2)+(3%x2) — %2=(20x%2)+(6x%2)

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



=@ Doubling as a x2 function

3. You can play fizz-pop where the function is: Double.

Fizz!

Show what you would draw on the board to help Grade 1 learners work out double 8.

4. You can also double 8 like this: Count forwards in 2s, for 8 counts. Keep track of how many
counts on your fingers. This works best with a context. There are 8 children, how many eyes?

Children Eyes
1 OO0 2
2 OO0
3 O—0
4 -
5 -
6 —
7 - _
8

5. When children know the doubles for 1-10 well, then they can make connections.
a. | know that double 3 is 6. Therefore | know that double 30 is
b. | know that double 4 is . Therefore | know that double 40 is

d. | know that double 3 is and double 10 is .
Therefore | know that double 13 is

UNIT 2: THE COUNTING PATHWAY @



te Tango
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@’;‘\{ Two M

/ Task 2.4.3: Two minute tango 5

U

Fluencies

Doubling and halving

1 Double2=_______ " [20+2=—_____
2 3x2= 12 | Double 40 =
3 5 repeated 2 times=____ 12 |30x2=_______
4 Double 7 = 14 | Halfof 60 = ____
5 9+9=____ 15 [50 + =100
6 9x2=____ 16 |20+2=_______
7 6x2= 17 | Half of 160 =
8 Halfof 8= 18 | —_ +400=1000
9 4+2=_____ 19 |100-— =70
10 | Half of 16 = 20 | 1 more than 300 is ﬁ
Representations
P Doubing a number e Draw a line! s a mirror line
* :mm r‘“— Pretend that it is a magic az::,t::\lg?suss:armg equally
{ mirror! Draw double! between 2. .
Doubling and halving @
inverse functions
Double £ Double 12 Double 32
oo
o|o (m)@o) sllol|
® @ Q0
" 10
0]0) 0]9)
Double Lis __ 8 Double 12 _ 24 Double 32is _ 64 ﬁ
It = 2 + 12 =_2 32 + 32 = 5 Make connections

There are two Ls in 8. There are twe |25 in 22:

There are two 32s in 6.{,,

ber
|f you know one num |
fa\ét (eg.a double), then use the

small, medium & large
number songs, t0 work
out new facts

If you know your doubles, you know your halves (they are inverses)

e Ifdouble 4 =8, then halfof 8=4
e Ifdouble 6 =12, then half of 12 = 6, etc.

If you know your doubles, then you can use this for small (1s),
medium (10s) and large (100s) songs:
e |f double 7 =14, then double 7 tens = 14 tens = 140
e |f double 7 =14, then double 7 hundred
=14 hundred = 1400

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER
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Two Minute Tango 5
Practice doubling and halving. Multiply and divide
by 2. Repeat twice, or count in 2s.
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The measurement pathway
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In unit 2 we focused on the counting pathway. Now, in unit 3, we focus on the other main route
to develop children’s number sense: the measurement pathway.

The key ideas in Unit 3 are:
1. Following the measurement pathway children compare continuous quantities
that can be measured.
2. Children learn to measure by following the same 4 steps.
3. Children first learn to measure 1s. But very soon they use standard units using 1s,
10s, 100s and 1000s

--@ Following the measurement pathway children compare
continuous quantities that can be measured

Any number always occurs in a sequence of other numbers. Children learn the counting song as
a list of words which is always in the same order. They know the sequence “one-two-three-four-
five”. They start to learn that:

e three comes before four; and that

e three comes after two.
Children make lists and use the ordinal numbers to plan actions: First, second, third.

In the measurement pathway children reason about, and act on, continuous quantities. A
continuous quantity is unbroken. Children measure these quantities using attributes such as
length, height, mass, volume, capacity, time, and temperature. The measurement pathway into
number starts with continuous quantities that can be compared directly and later measured.

To measure we introduce a unit (a standard or a non standard unit). The measurement pathway
connects number work with spatial reasoning (shape and space, and measurement contexts) in
early mathematics.

To compare continuous quantities you have a few options.

First, you could compare the objects directly.

To see which is heavier — an apple or a pencil — they
can be com pared directly on a balance scale.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



To compare continuous quantities you can compare them directly.

Children are able to order and compare objects or events by partic-
ular attributes:

e Tall, taller, tallest.

e Heavy, heavier, heaviest.

e |ate, later latest
Height, time and mass are all examples of continuous measurement
contexts.

To see who is taller, children stand back to back.

Second, you could choose a measurement unit that is bigger than the attribute.

To compare continuous quantities which cannot moved or lined up, you could use unit which is
bigger than each quantity. So comparing the width of circumference of two tree trunks you can
use a rope or a string, and mark off the circumference of each tree trunk.

Measuring the circumference:
Use a long rope to wrap around each tree.
Taller tree
Start i —
Shorter tree

To see whether a cupboard will fit into the space between the bed and wall, you could use a
dressing gown cord or belt. Mark the width of the space on the cord and compare it to the width
of the cupboard.

Third, you could choose a measurement unit that is smaller than the attribute. You repeat that
unit to quantify the attribute.

The continuous quantity becomes countable by introducing a unit of measurement. At first this

unit of measurement of repeated using counting or natural numbers. Very quickly they need to
use parts of a unit, and rational numbers are needed.

UNIT 3: THE MEASUREMENT PATHWAY




Diagram: Number systems

Real numbers (R)
0.1; 0.2;0.3; 0.4; 0.5 .

Whole numbers (N,)
0

Natural numbers (N)
1;2;3;4;5;...

10%; 20%; 30%; 40%; 50% ...

Integers (Z)
=il =2 =2p b By o

1 fifth, 2 fifths, 3 fifths, 4 fifths, 5 fifths

Rational numbers (Q)

Irrational numbers (Q’)
pi; 0,153566735698...

These are the main features of the measurement pathway.

Quantities Continuous quantities that can be measured
Pathway into Measurement pathway
number sense
Unit Unit of measurement
(standard or non-standard)
Metaphor Movement along a path
/
A person moving along a path
1 unit 41
of length /
Zero ‘ The start of the path

Representations | Number lines

Add. Show the st,eps on the number line.

N |1’"“|’““|"}‘,i|||ll
1+3="% 6D 23 % 567 84910

Number meaning | Ordinality

Numbers are in a sequence arranged from smallest (first) to big-
gest (last)

@ MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



-=® When children measure they always follow the same 4 steps.

Children learn to measure, by following these steps:

Diagram: 4 steps for measuring

Step 1 * Choose the attribute

Step 2 * |dentify the start and

end of the attribute

» Choose a measuring
Step 3 unit

« Compare the attribute
Step 4 to the measuring units

Line up the start the unit with the start of the attribute

Repeat the unit

Don't leave any gaps or make any overlaps

Count how many measuring units are needed to reach the end of the attribute.

e o o o

=@ Children first learn to measure in 1s. But very soon they use
standard units using 1s, 10s, 100s and 1000s

In the measurement pathway children reason about, and act on, continuous quantities. They
measure these quantities using attributes such as length, height, mass, volume, capacity,
time, and temperature.

e =)

MASS kilograms

grams milligrams
(kg) (9) (mm)

LENGTH kilometres metres millimetres
(k) (m) (mm)
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CONTINUOUS MEASUREMENT

The key ideas in Umthamo 3.1 are

1. Children experience number — not just as discrete objects or events — but also as
continuous quantities
A mental picture for measing a continuous quantity (like length) is a person stepping
along a path
The ordinal meaning of number is having the numbers in a sequence
Whichever attribute children measure, they always follow the same 4 steps
We measure different attributes: length; time; mass; capacity; volume; temperature
Maths does not make sense if your only mental picture is measuring and structuring
in ones. To understand measurement you need to understand the base-ten number
system of place value and the Standard International (Sl) system of measurement (in
1s5,10s, 100s, 1000s). For time there is an unusual system of measuring units involving 5s,
12s and 60s.

-=@® Continuous quantities

The measurement pathway into number starts with continuous quantities that can be com-
pared directly and later measured. Only later are discrete objects introduced. To measure we
introduce a unit (a standard or a non standard unit). The measurement pathway connects number
work with spatial reasoning (shape and space, and measurement contexts) in early mathematics.

N

ol G e

When children measure a continuous quantity, they must first decide what attribute should
be measured. They must decide what are they measuring: they are measuring length, they are
measuring mass. At first this is about direct comparison. Which object is taller? Which is shorter?.

Length measures the HEIGHT of objects - the distance between the top fo the {7~ -
bottom! We say an object is TALLER or SHORTER than another object.

Circle the TALLER r::rl::r_ject: e N

At first chilldren compare
without measuring. At school
they start using measuring
instruments (like a ruler) to
compare and measure.

Inde kangckanani ipeni? Inde kangakanani?

Inde l(ansal(cncni iPensi|e?

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER




=@ A measuring unit

To compare continuous quantities you can compare them directly. To see who is taller, children
stand back to back.

Continuous quantities are unbroken. They can be measured using a measurement unit. The
amount of time, the amount of ground and the amount of water, the volume and the mass are
continuous. We can’t count time, distance, water, or length. We need to measure using an agreed
unit, as these are continuous extents.

To measure a continuous quantity children have to introduce a measuring unit. The unit could be
standard or non-standard. Repeating the unit allows them to count the units of measurements.
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6_"_-—- | | eubes

EUIDG‘E

[e[eJe]e[e[e[e]ef
f' cubes

[o]e[e[e[e[ee]of

{:UEIE‘S

CL.IEIES

In this learner activity the measuring unit is a cube. Cubes are smaller than the length of the
objects being measured.

UNIT 3: THE MEASUREMENT PATHWAY



UMTHAMO 3.1: CONTINUOUS MEASUREMENT

-@® A metaphor for continuous measurement: ‘Walking along a path’
In the measurement pathway, the metaphor for number as a movement of a point (or object)
along a line (or path) is discussed in detail by Lakoff and Nidnes (2001) in their book Where Math-

ematics Comes From.

Diagram: The ‘point moving along a path’ metaphor for number

Another way that we think about
a number, is using the idea of a
path.

5 is a movement of
5 steps/sections along a line.

Diagram: Number line to show the number five is a continuous length (5 steps)

A person moving along a path

1 unit 4[
of length

Zero The start of the path

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER




wn=@® Ordinality

=@ The ordinal meaning of number in a sequence

We take the 1° step, 2™ step, and then the 3 step as we move along a path. There is a contin-
uous length of 5 units (steps or metres) from the starting point (zero). The number 5 is not seen
in isolation. It is thought about as having a position (a place in the sequence of humbers). Five
denotes the 5™ step or the 5" unit of length. Five comes after 4 and before 6.

Together with developing language, babies start to move through their environment: first
crawling orsliding, then walking. To move through the world, the baby uses their spatial reasoning.
They need to know where they are, and plan a route to get to a new position. Humans learn how
to walk and use paths to keep track of their position relative to fixed points (like their bed, their
home, or the nearest shop). People can imagine their own movement as if their body is a dot
moving along a line. This is a powerful mathematical idea, and is used in many communities and
in further mathematics (such as dynamic geometry and calculus).

The ordinal use of number is also evident in the counting song. The number song is first learnt as
a sequence or order of words. The words don’t yet have meaning. The 1t word we say is ‘one’,
the 2" word is ‘two’, then ‘three’ and so on. So the number words in the counting song are in a
sequence or an order. There is a 1%, 2", 3 and 4" number. The number song is said within the
continuous quantity of time, which we can measure. We can say it fast, or we can say it slowly.
There is a rhythm or a beat to the number song.

We are using the ordinal use of number when we ask children: ‘What number comes before 47’
or ‘What number comes after 4?7’ So we think about a particular number (like 4) in relation to other
numbers. We think of the number as having a position or a place in the number sequence. Five
means the measurement (often a length) or the sequence of an event (a step along a path). Five
comes after 4, and five happens before 6.

To measure we introduce a measurement unit, to make a continuous quantity countable. As
we often get partial units, we use the set of rational numbers. The symbol for natural numbers is

Q. A rational number can be represented as a fraction.

Diagram: Number systems

Real numbers (R)

0.1; 0.2;0.3; 0.4; 0.5 .2

Whole numbers (N,)
0

Natural numbers (N)
1;2;3;4;5;...

10%; 20%; 30%; 40%; 50% ...

Integers (Z)
=il =2 =3 Ak 5

1 fifth, 2 fifths, 3 fifths, 4 fifths, 5 fifths

Rational numbers (Q)

Irrational numbers (Q’)
pi; 0,153566735698...




UMTHAMO 3.1: CONTINUOUS MEASUREMENT

=@ Which ever attribute children measure, they must follow the same 4 steps

Children learn to measure, by following these steps:

Diagram: 4 steps for measuring

Step 1 * Choose the attribute

end of the attribute

Step 2 * |[dentify the start and

» Choose a measuring
Step 3 unit

« Compare the attribute
Step 4 to the measuring units

Line up the start the unit with the start of the attribute

Repeat the unit

Don't leave any gaps or make any overlaps

Count how many measuring units are needed to reach the end of the attribute.

To compare two sticks the childrenhave to decide what aspect of the sticks they are comparing.
They need to choose an attribute to compare.
e Some children might compare the lengths. Which stick is longer?
e Some children might compare the mass. Which stick is heavier?
e Some children might choose another attribute like — which one is straighter? Which
one is smoother or more flexible?

Let’s agree that the children will compare the lengths of the sticks.
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=@ 4 steps for measuring any attribute

Even very young children can choose the longer stick. The attribute is length. The child must
position both sticks at the same start point. The sticks must both be straight (so their lengths are
parallel). They can see which is longer.

The children are not counting or using number as a collection of discrete objects. But they are
comparing lengths (using their visual sketch pad). They have to imagine the start and end lines.
They have to move the sticks into position, and orient the sticks next to each other. Then it is
possible to compare lengths.

But what if they could not move the sticks? How could they compare the lengths?

Compare the length of two sticks with informal units

Compare these sticks.
Which one is “longer’?

Perhaps the sticks are on a tree, or stuck in the ground, or drawn on the blackboard. If children
can’t move the sticks, the children might introduce a unit to measure with. The unit might be
simple — like a piece of string that is longer than either stick. They must agree on where to start
measuring — and where the end of the stick is. They line up the string on one stick. Then take the
string to the other stick to compare lengths.

They might use a body part — like their arm - to create a unit for length. They line up each stick
from their finger tip and see how far the stick goes up their arm.

They might use a hand. They then have to carefully be sure to start at each end, and repeat the
unit (their hand) with no gaps. They count how many hands each stick is. They might mark off on
their hand for how much extra is needed.

Notice that now — when using a small unit like “a hand”, they start using numbers. The sticks
are both: “three-and-a-bit hands”. Stick B has a bigger “bit” than Stick A. This is the beginning of
fractions!

UNIT 3: THE MEASUREMENT PATHWAY



UMTHAMO 3.1: CONTINUOUS MEASUREMENT

@ Measuring different attributes

When children compare and measure continuous quantities, they use the ordinal meaning of
number. They choose a measurement unit and repeat it, counting in order. The measurement

tools (instruments) use an ordinal scale.

& Examples

Length and distance are continuous. You can’t count the length of a pencil. You need to agree on
a unit to measure the length of the pencil. You could use an informal unit like a paper clip.

The standard unit for measuring length is a metre. A bigger unit of length is a kilometre. Smaller
units of length are centimetres and millimetres. We can use a ruler to measure length. A ruler is

/ [[1mitimeter ] &

IIIIF L I|ll||!|I|I|ll||ll||IIll|IIII||I|1|I|l||l|II|IIll|IIII|IIEI|IIII|l|II]III||IIII||Ill|IIII|IIII|lIII|IIII|IIlI|IIII|
2 3 4 5 6 F 8 9 10 11 12

mm

w18 milimeters or
——ti 18 centimeters

El
-
B

III|I|IIII|IIlI|HII|IIII|I|II|III||I||I||I|]|I||I|IIII|IIII|III |IIII|I|II|l|II|II|I|IIII|III||II|I|IIII||III|IIII|I|II|IIH|

rnm

The pencil is
75 millimeters or

- '—\:B iy

‘IIII|IIII|J|I||IIII|IIII|IlII[IIII|II|I|lII |IIII|I|!||||I|][II|||Ill|||I|f|III|!II||IIII|III||||IIJI|!I||II|lI|||||JII|II|I|
0 1 2 3 4 5 6 7 8 0 1

mim

ordinal. A ruler has a structured number line, where

the numbers are equally spaced (the intervals are equal),
the numbers are arranged from smallest to biggest,

it starts at O.

the line is used vertically or horizontally.

Whenl|
SUBTRACT ones |

walk BACKWARD on
the number line

When | ADD
ones | step
FORWARD on the
number line.

z
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& Examples

Colour to show full, half® full and emPtH.

VOLUME is a measure of how much liquid a container holds now.

Show Full

Show Half

Show Emptg

Capacity is how much a container can hold. Volume is the amount of liquid in a container. Both
capacity and volume are continuous quantities.

We often use containers to measure the volume of a liquid. A liquid is continuous. To collect water
from a river, you need a container. The amount you collect is measured by the size of container.
To quantify the water you choose a unit - 1 cup, 1 bottle or 1 bucket — and repeat that unit. You
count how many cups, bottles, or buckets you can fill.

The standard unit for measuring capacity is a litre. Bigger units for volume are kilolitres. Smaller
units for volume are centilitres and millilitres. We can use a measuring cylinder or measuring
jug to measure an amount of liquid. A measuring jug has an ordinal scale. A measuring jug has a

structured number line, where

e the numbers are equally spaced (the intervals are equal),
the numbers are arranged from smallest to biggest,

[ J
e tstarts at O; and
e the line is used vertically.




UMTHAMO 3.1: CONTINUOUS MEASUREMENT
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/ Task 3.1.1: Cardinal (number pictures) and ordinal (number line) representations

This example shows an ordinal and cardinal way to represent 2 + 3 =5.

Ezi-2 nezi-3 zenza

OOO00O

ordinal cardinal

O 123 &5

Source: DBE Rainbow book
1. Circle the correct word or phrase.

In the ordinal example:

a. zero is: the place to start OR the empty set.
b. the numbers are: poles or fences?
Cc. The numbers represent: discrete objects or equal jumps along on a line

2. Circle the correct word or phrase.

In the cardinal example:

a. zero is: the place to start OR the empty set.
b. the numbers are: poles or fences?
Cc. the numbers represent: discrete objects or equal jumps along on a line

3. Draw a number line (ordinal example) for 20 + 30 = 50

4. Draw a number picture for 20 + 30 = 50.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER
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w@® Measuring different attributes

This is an example of from a grade 1 learner workbook. It shows subtraction as take-away
(tabatha)

e A '
5 thabatha | zenza 4

\_ _J \_ _/

s N ij SR
thabatha zenza

\ _J ./

r ™ 3 '
thabatha Zenza

\_ _/ \_ /

@\) Ukuthabatha | ngokubolﬂ ubugﬂ umva.

Thatha ezi-3 kwezi-5

— . I i e
2 3 4

-

Source: DBE Rainbow book

Circle the correct word:

5.

6.

The triangles an example of cardinal / ordinal representation of number.

Is the number line an example of cardinal / ordinal representation of number.

When a teacher shows subtractions as discrete objects being removed (or taken away),
this is a cardinal / ordinal representation of number.

When a teacher shows subtraction as jumping backwards (to the left) on a number line,
this is a cardinal / ordinal representation of number.

Draw a number picture to show 50 - 30 = 20

10. Draw a number line to show 50 - 30 = 20.

UNIT 3: THE MEASUREMENT PATHWAY @



/ Task 3.1.2: Estimate 0-100 on number lines

1. Write the numbers below each dot

Structuring ﬁ

representations

Structured number lines.

- -
0 _5 10 _IS 20
4ttt T —t—t 1+ ~>
0 5 L 10 15 20
2. Draw a dot and write the number below the line.
I3 | €ttt —>
0 5 [0] |5 20
g8 | « : : ; -
0 5 [0} |5 20
1L | € I i 1 —>
0 5 (0] 15 20
3. Write the number below the dot
[ ]
(I | | | | | | ] | | | | | | | | | | 4
1 1 T T & & &+ T T 7T 7T 1 1 1 17
L0 s 50 e 60
®
pa | | | | | | | | | | | | | | | | | 4
< T 1 1T 1 1 T T 71T 7T T1T:1 T N
60 70 75 80



w=® Empty number lines

4. Draw a dot and write the number on the line.

‘

o+

50 100
& I I I I I I I ! I LS
< T T T T T T T T T U
] 50 100
< I . . I . . I L . LS
< T T T T T T T T T 2>
] 50 100

5. Look carefully at the start and end of each number line. What is the size of the interval?.
Mark and label half way, for each number line.

Now, draw a dot for 57 and write 57. Look carefully at each line.

50 60
0 100
40 60
30 60
6. How many equal parts in 1? . Name of one part:
0 1 half 2 halves 3 halves __halves __halves
F : : :1 : : : >
0 3 1 13 2 3
7. How many equal parts in 1? . Name of one part:
0 1third 2thirds 3thirds _ thirds _ thirds __ thirds __ thirds
: : : : ! i : ! : : >
0 1 z 1 2 3
3 3




UMTHAMO 3.1: CONTINUOUS MEASUREMENT

f Tasks: Conceptual understanding

/ Task 3.1.3 Investigate bottles and litres (use a number line)

1. Countin 2s, on the multiples of 2.

Count. bH 2s from 2 to 100.
Colour each block. Count. forwards bg 2s.

9192|939 |95 | 96| 97|98 |99 100 ) A— b
81182 |83|8,|85|8 |88 |8 |9
T T2 73| T4 |75 76| TT |18 | 19| 80
bl | 62 |63 | 6L |65]66|67|68|67|70 22 2" 26
51 |52 |53 | 54 |55|56|57|58|59]60
V) A2 | L3 AL 45 | 46 | LT ] 48| 49|50
3113233 |34£|35|36|37,38|39|40 | A 12 110
20122123 12{|25]26|27|28]29|30
12 713141516 ]17]18|I19]|20
123 4L|5]6|7T]|8

Count. backwards bH 2s.

20| 18 | 16

-
o

2. How many bottles, how many litres of coke? (Specialise for a particular example)

i i ' i i How many bottles?
¢ § &§ @ @
2 20

How many litres?

2 2 20

3. Complete the number line with equal jumps of 2 each time (Organise on a number line.)

Bottles m
} ! | I | | | | | | ! | | ! | | | | | ! )

L
-

Litres 61 Z 38 5 6 7 8 910 11 12 13 15 16 17 18 19 20

4. What is the relationship between bottles and litres? (Generalise)

If | know how many bottles | must to get the number of litres.

If | know how many litres, | must to get the number of bottles.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



=@ Doubling and halving

5. Organise using a function machine or a flow diagram

INPUT m OUTPUT

Bottles Litres
1 2

2 >
3 A
10 S
50 >
100 >
n

6. The number sentence or rule, that relates the number of litres to the number of bottles is:

7. Complete the inverse function

INPUT OUTPUT

Bottles Litres

8. The number sentence or rule, that relates the number of bottles to the number of litres is:

No. of bottles =
Let the no. of litres be L, and the no. of bottles be n.

n:

UNIT 3: THE MEASUREMENT PATHWAY @



Fluencies ﬁ

Multiply and divide by 2, by 10;

o)
(o)}
&
-
Q
)

by 100
. TZ multiply a big number, you
/ Task 3.1.4: Two minute tango 6 break it up and multiply
each part
- | To divide a big number,
.é 1 | 5repeated 10 times = M | 72;71;70;__;.. ’é?ﬁ;giﬂ;;fnd
(o) 2 [50x10=___ 12 | 372;362; ___;342; ..
- 3 500 multiplied by =500 12 | If | decrease 500 by 1,1 get ____
e~
'§ 4 | Double 18 = 14 |1892+100=___
5 | Double =18 15 | (7x10) + (2x10)=___x10
6 | 800 shared equally between 8 = 16 | (60%2) + (__x2)=63x2
7 |80+__ =8 17 | ____+2=20
8 +10 =80 18 | +20=200
9 | Half of 36 = 19 |41+__ =50
10 | Half of 360 = 20 | __ -9=500

Multiplication involves choosing a unit and repeating it, to find how many there are.
e Fordouble 3, the unit is 3. It is repeated 2 times. The result is 6.
e Fortriple 2, the unitis 2. It is repeated 3 times. The result is 6. ﬁ
Representations

Multiplication as repeating equal
O O groups in a number picture.
Multiplication as repeating

O 1j s on a humber line
O OO
O O O O

O
O

Double 3 Triple 2

3 repeated 2 times 2 repeated 3 times

3X2=6 2x3=6

Jump 3. Repeat 2 times Jump 2. Repeat 3 times
0 3 6 0 2 4 6

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER




SUMMARY

There are 2 pathways to learn about number.

Complete the table.

Pathway into
number sense

Metaphor

Representations

Number meaning




UMTHAMO 3.2

ORDINALITY

1.  Any number always occurs in a sequence of other numbers.

2. Continuous quantities are measured using marks (poles) to show equal units of
length (fences) along a line.

3. The ordinal meaning of number describes a position along a line or a position in
time.

4. Children move along a learning trajectory from structured number tracks to empty
number lines.

-® Any number always occurs in a sequence of other numbers.

Any number always occurs in a sequence of other numbers. Children learn the counting
sequence as an ordered list of words. They know the sequence “one-two-three-four-five”. They
start to learn that:

e three comes before four; and that

e three comes after two.

They are able to order and compare objects by particular attributes:
e Tall, taller, tallest.
e Slow, slower slowest.
e Heavy, heavier, heaviest.
These are all continuous measurement contexts.
the measurement can be: mass, length, capacity, volume, time, or temperature.

Children make lists and use the ordinal numbers to plan actions: First, second, third.
This is the ordinal meaning of number. A number describes a sequence: 1%, 29, 31,

Diagram: A number line showing 4 steps along a path

A person moving along a path

1 unit 4[ /
of length
Zero —‘ The start of the path

This is the ordinal use of number: the 15 step, 2™ step, 3™ step as we move along a path.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER
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w=® Fences and poles

@ Continuous quantities are measured using marks

(poles) to show equal units of length (fences) along a line.

The number line is a sequence of numbers placed in order along a horizontal or vertical line.
Numbers are positioned or placed relative to other numbers. Calculations are done by hopping
(in ones) or jumping (in bigger units). Here movement - jumping forwards (to the right) or jump-
ing backwards (to the left) is used for calculations.

When children first start using numbers, they often confuse the cardinal and ordinal meanings.
This is especially the case when they start using number lines.

If they only know the cardinal meaning of numbers, then using a number line is difficult.

Using the idea of fences and poles can help remove this confusion.

Diagram: Fences and poles

Ry When | ADD
N“\'@‘a‘,‘.“«._ ones | step
WO FORWARD on the

number line.

& 2 A N

\"l
o
o
o
®
T T L

Fence Fence Fence

Fence

The poles are the equally spaced markers on the number line, for each length. The first pole is
0. The second poleis 1.

The fence is the ‘interval’ between the markers on a number line. It is a measure of length. Each
section of fence is the same length.

We measure continuous quantities by introducing a measuring unit and repeating that unit.
With formal measurements we use an ordinal scale (which is a structured number line). The
spatial idea of numbers being in an order, and arranged from smallest to biggest or numbers as
moving along a line is a very important way of thinking about and using numbers.

Write down and discuss the isiXhosa words and phrases used to describe
an interval (fence) and
a marking (pole)?

What are the various ways to describe zero? (in English and in isiXhosa). Do any of the words or
phrases denote an empty set (absense) or a starting point?

UNIT 3: THE MEASUREMENT PATHWAY
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@ The ordinal meaning of number describes a position

along a line, or a position in time.

You have learnt that people think about and use numbers to quantify collections of discrete
objects and use the idea of a container, to group those objects. This is the cardinal meaning of
number.

But people also think about and use numbers as being in an order or as a sequence. This is the
ordinal meaning of number.

The sequence of numbers can be arranged in space. There is a start. They are ordered from left
to right, or from bottom to top. This is using the bodily position sense (to know left versus right
and bottom versus top). It is using the sight sense and visual sketchpad to imagine a line or
path.

- Numbers on a number line increase in this direction.

¢ >

—= Whenladdlgo this way ——=» > —_— > - >

The sequence of numbers can said as a string of words, or a number song, forwards or backwards.
The words are said over time, and so a smaller number is said before a larger number. The
metaphor of stepping along a path creates the dynamic idea of movement over time. Children
can image moving their body through space and walking along a path.

“O- SOME IDEAS FOR YOUR CLASSROOM

Fences and poles

How many?

o—0—0—9

A teacher draws four dots that are equally spaced along a line. She asks: how many are there?
Alan says 3, and Vusi says 4. Discuss.

Is Alan counting fences or poles?
Is Vusi counting fences or poles?
D ] Children should practice
| — placing numbers in order on a
number line . O on the left.
10 on the right.




w=® A learning trajectory for number lines

Teachers should make children aware that the number line starts at O (at the pole). When we
count on a number line we count the fences.

We label the fences at the pole to the right of the fence.

® @ @ @ @
0 1 2 3 4

The first fence needs both of its two poles to hold it up. If the pole at position O is removed, then
the fence will fall down.

This number line is structured in ones. There are 3 important features of all structured number
lines:

They all start at O.

Each interval (fence) is the same size. In this case each fence is ‘one’ long)

Horizontal number lines have the smallest number on the left, and biggest on the right.
Vertical number lines have the smallest humber at the bottom, and biggest number
at the top.

@ Children move along a learning trajectory from

structured number tracks to empty number lines.

From number tracks to structured number lines to empty number lines
Length is key representation for children. It uses the metaphor of a path. The path could be
vertical (from top to bottom) or horizontal (from left to right).

At first children use a structured number track for the whole numbers 0 to 10. Then then use a
structured number line from O to 10. Over time children get used to working with less structured

number lines. They should stop counting in ones. They stop hopping in ones, and make big
jumps.

Diagram: A learning trajectory for number lines

= Grade 1- IEXCICOEREN = Grade 2- [BACIELREWVAEN = Grade 3

Empty
Semi — f
number line
Semi structured
structured FmeE)y (1T
1-20 —t —t } — {
ST W mber line  ° = » » -
1-20
- 1 L L L 1
Strl;c:l:)red number line [ : p " =
Structured o S NN G S SO Y Y WS Y S S S WA S R M |
0-10 number line . . . 5 & 8 9 10 11 12 13 14 15 16 5 15 20
QigloRiclve —————————
0 1 2 3 5 5 8 G 10
|1|z|3|4‘5|u|7|s|9|1u|
! 1 L | | { f 1 1 | ]
0 2 4 6 8 10



UMTHAMO 3.2: ORDINALITY

4 Task 3.24

1. Complete a function machine for a fizz pop rule of ‘2 less than function’:

fizz | function >pop

11

21 o When|
71 e welk BACKWARD on
E _ 2 — the number line
131 _

401 -

., —_— ”

z J Z 3 4L 5

2. The counting unitis ‘ones’ (small number song).

a. Draw a number line to represent 7 — 2 = 5. Start at 7. Circle the 7. Jump back 2.
<« I I I I I I I I I —>

0 | 2 3 L =) 6 I 8 9 10
b. The measuring unit is ‘tens’ (medium number song).

Draw a number line to represent: 70 — 20 = 50. The number line does not start at 0.

The last pole on the right is 100.

c. Draw a number line to represent 2 hundred less than 7 hundred =5 hundred.
The last pole on the right is 800.

The counting unit is

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



w=® Counting in 10s

/ Task 3.2.2 Counting on, and back, in tens (use a number line)

1. The medium number song is counting on in tens, starting at any number.
Start at 0. Count on in tens.

Count forwards 53 |0s.

Count. lDH |Os from [0 to I00.

Colour each block.
91192 93|94 [ 95| 9% | 97 | 98 | 99 | l00
8l | 82|83 |8,|8 |8 |87 |8 87|90
TNAT2(793 74 15|76 | TT |78 (79|80
bl | 62 | 63| 6L | 65| 66| 6T | 68|69 |70
S| 52|53 |54 [55|5 |57 |58 |59]60
LU A2 | (3| L4 | 45| 46| 47| 48 | 49|50
31323334 |35|36(37(38|39]40
2012223124125 26|27(28]29|30
12113115016 1711811920
1234|5167 ]819]I0

10

20

40

50

Coun

t backwards ba |0s.

100

90

10

60

2. Start at 9. Jump forward in tens. Draw it on the number line.

We can use the medium number sequence for adding.

53+30 =

We can add I0s to any number!

+10

+10

We can add big numbers
using an EMPTY number line!

- ldraw an empty number line.
- llabel the 53.

- There are 3 tens in 30!

+ | jump forward by I0 3 times!
- llabel each jump!

N

> 53+30= 83

Notice that you start on the left, and jump forward in 10s to the right.

UNIT 3: THE MEASUREMENT PATHWAY



UMTHAMO 3.2: ORDINALITY

3. Solve by showing on a number line.

20+ 40 = €

I
T
0 10 20 30 40 50 60 70 80 90 100

50+30= <

70 + 30 = <

4. Solve by showing on a number line

ra |

v

‘a’ 64 +20 =
<« > 13+ 20 =
«— > 57+30 =

5. Draw number lines. Show how to jump forwards in tens and hop
forwards in ones for addition

a.64+75
b.73+28

c. 57+ 36

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



w=® Empty number lines

We can use the medium number sequence for subtracting.

We can add big numbers
using an EMPTY number line!
48 - 30 = 9

N - | draw an empty number line.
| can subiract [0s from / . glgpe; te 68.
I € - 30is 3 tens.
any number! - | jump backwards by ten 3 times!
* llabel eachj |
-10 -10 -10 .
' ' j ' > 68-30= 38

M
88_
£
{F{;—
©;

Notice that you start on the right, and jump back in 10s to the left.

6. Solve by showing on a number line

¢ @; L7-20 =
¢ —> 78-30 =
<€ —> 63-30 =

7. Draw number lines. Show how to jump backwards in tens and hop backwards in
ones for subtraction

a.64-17
b.52-33

c.78-32

UNIT 3: THE MEASUREMENT PATHWAY



UMTHAMO 3.2: ORDINALITY

/ Task 3.2.3 Show and explain a calculation (with number pictures and number lines)

As a maths teacher you need to be able to calculate and explain you calculation to
primary school children.

Look back at task 1.3 on page 15. You had to show and explain how to do the calculation
92-58=..

That was near the beginning of the Emergent Number Sense module. You were using your
mental maps that you learnt at school. You did not yet know about the counting pathway and the
measurement pathway to learn about number.

1. USING NUMBER PICTURES (from the counting pathway),
show how to calculate 92 -58 =....

2. Now write a paragraph to explain what to do to a child. Use the words, metaphors and
mental pictures from the COUNTING PATHWAY.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



w=® Explain a calculation

4. USING NUMBER LINES (from the measurement pathway),
show how to calculate 92 -58 = ...

5. Now write a paragraph to explain what to do to a child. Use the words, metaphors and
mental pictures from the MEASUREMENT PATHWAY.

6. Create your own subtract calculation that is like 92 - 58 = ...
Show three different ways to calculate.
You can use number pictures, number lines and number symbols)

UNIT 3: THE MEASUREMENT PATHWAY
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/ Task 3.2.4: Two minute tango 7 — bring it all together

- |
E 363;362;361;369;__ Double14=___
(o) 372;362; ___;342; .. Double ____ =140
- If | decrease 700 by 10, | get ____ 73 -__=70
‘; -
0§ 3872-100=___ 73 +___ =80
40 + =100 60+____ =6
1000-__ =400 +10 =60
___+7=20 600+__ =6
___+70=200 ____+400=800
377+___ =380 (8x10) + (3x10) = _x10
_____is half way between 1 000 and double 30 + double — double 37

900

You should be fluent with all of the following:

O

by
R

:

.
B
e ogge
3 3
.

HO)

g0




SUMMARY

What are the key ideas for umthamo 3.2?
Show the go-to strategy for subtraction. Use 63 - 27 as your example.




Go-to strategies

A go-to strategy is an easy strategy that every child can master. It always works, for any numbers.
It builds understanding and number sense.

1. The go-to strategies for addition and subtraction for addition is: Put the first number in
my head. Break down the second number into tens and ones. Count forwards in tens.
Count forwards in ones.

2. The go-to strategy for subtraction is: Put the first number in my head. Break down the
second number into tens and ones. Count backwards in tens. Count backwards in ones.

3. The go-to strategy multiplication is: Say which unit that must be repeated. Count up in that
unit. Keep track of the counts using your fingers. Draw an array or use a t-table.

4. The go-to strategy for division is: Say which unit that must be repeated. Count up in that

unit to reach the target. Keep track of the counts using your fingers. Draw an array or use
a t-table.

There are two pathways into number: The counting pathway and the measurement pathway

P —— Discrete quantities that can be Continuous quantities that can be
counted measured
FE - Counting pathwa Measurement pathwa
ber sense ap Y P Y
Unit Counting unlt (often In 1s, 2s, 5s or | Unit of measurement
10s) (standard or non-standard)
A contalner Movement along a path
The contalner
of the set ¢
of § cbjects . Aswst mote 4o s 0ob
Metaphor 4
Adiscrete oo 14
object Zove - The sl of e g
o
A0 cerrent
Number pictures
Number lines
Representations 00000 ;
o00000) ©C00 i . e W
02 3 % 5 6 7 84910
Snaiy gaﬂ:g:lr.;y are In a sequence
Number meaning Number Is the size of a set/collec- .
tion of discrete quantities arranged from smallest (first) to
a . biggest (last)

Children use both pathways for adding, subtracting, multiplying and dividing. A lot of the primary
school work on measurement is about multiplying and dividing. Children choose a unit and repeat
that unit.
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GO-TO-STRATEGIES: ADD AND SUBTRACT

A go-to strategy always works, for any numbers. It works in a similar way for addition and [
subtraction. We emphasise 1s, 10s, and 100s. You build up the skills for the go-to strategies slowly.

>@- IDEA 1:

Draw numbers from O to 10
Children need lots of practice arranging numbers in two rows of 5.

Zibalo loves to bake. She bakes scones to sell.
She ALWAYS bakes scones in rows of 5.

She never P|cces more than |0 scones on
one baﬁ(ihs br‘cs.

Draw numbers from 10 to 20
Children need lots of practice circling each ten. They don’t need to draw each scone inside
the trav of 10. They just write 10 and circle it.

Zbalo decides to start a scone business.
She starts to bake more scones. Her friend
Inf init,ld suggest.s that she writes down how many scones she bakes every dag.
Zbalo likes to draw the numbers.

3' = Today she baked 6 scones. Infinity explains to Zibalo that she does not
(b She drew I6: have fo draw every scone. She can record
N ten scones like this:
00000 O

Zibclo likes this suggestion. m 00000
She draws I6 like this: @

Draw numbers to 100
Towards the end of Grade 2 and into Grade 3, children now draw bigger numbers.
Thev should not draw each scone inside the tray of 10. They iust write 10 and circle it.

Zbalo's scone business is sr‘owinsl She centinues
to draw the number of scones she bakes each clqa.
She thinks about. the numbers in trqgs of 0! Tcdclld she baked 37 scones!
She drew the number:

(Lo )(0 ) (10 )88°°°

UNIT 4: GO-TO STRATEGIES



UMTHAMO 4.1: GO-TO STRATEGIES

>@" IDEA 4:

Add 1s by counting forwards in 1s. Subtract 1s by counting backwards 1s.
Children must know the small number song backwards and forwards.
They should count backwards and forwards in 1s, starting at any number.

get bigger! .

-

2

Ll When you add, you count forwards in ones.

When you subtract, you count backwards

32-4= i
. " " in ones.
— get emalier o
31,30, - | put the First rumber fﬁﬂ..-
. .28 in my head A
= e vy haad to make. | 11 t(‘g

™

= ture iTie in there
R + | court bockwords in
= ones fio talte ooy ones.

- lusa iy Fingers fo keep
Trock.

Add and subtract a 10
Children need lots of practice with adding and subtracting a 10 from any number.
Play Fizz-Pop: Add 10. Play Fizz-Pop: Subtract 10. Use the 100 chart.

When we add I0
numbers get bigger. 91 (9293 | 91 {95] 9| 97|98 |99 |00

We “.'°V’e one row up 81 |82 |83 | 8L |8 | & | 87 | 88 [ 89 | 90
on this number chart.
Can you see that the T2 7374|7576 T7(78 |79y 80

units stay the scme. bl |62 63|64 |65 6667|6867

When we subtract |0
70 | numbers gel smaller.

The fens decrecse )
by one fen What 51|52 53] 54|55 5|57 |58 59%e0 g:w":’:: this rarber
happens when w;a LU (A2 [ 43 | L4 | U5 | 46| LT | 48 | 49|50 | chart. Can you see
go UP one column? % 39 20 that the units stay
the same? The tens
28 |29 | 30| godecrease by one
8119 |20 ten. What happens
when we go DOWN a

8 0 910| column?




- Counting forwards and backwards in 10s

Add 10s by counting forwards in 10s

Children must know the medium number song backwards and forwards.
They should count backwards and forwards in 10s, starting at any number.

Use the 100 chart.

Zibalo baked 34. scones in the mor‘nins. In the oftterncon she baked 30 more.
How many scones did she bake a|together?

3 +30=64

| DRAW the second number.
30 is 3 fens!
1 ADD ecich [0}

Subtract 10s by counting backwards

Practice counting backwards in 10s. Start at any number. 64, 54, 34, ....

Use the medium number song to subtract multiples of ten.

Zbadlo baked 73 scones. She sold 30 scones. How many scones remain?

13-30=43

ERGNONC

)
N | write the first number. } N IDRAW the second number.
I put it in my head. 3 30is 3 fens!
| TAKE AWAY each 0!

When children can add and subtract 10s fluently, then they can add and subtract 10s and 1s.
they first use the medium song to add or subtract the 10s. then they use the small song to

add or subtract the 1s.

UNIT 4: GO-TO STRATEGIES



UMTHAMO 4.1: GO-TO STRATEGIES

@ IDEA 8:

=

Add by counting forwards in 10s then in 1s
Children must know the small number song in 1s forwards.

Children must know the medium number song in 10s forwards.

Then they can bring them together.

First they count forwards in 10s, then they count forwards in 1s.

Zbalo baked 35 scones in the mor‘ning. In the afternoon she baked 28 more.
How many scones did she bake a|toset|"-cr'?

| wrile the first number.
| put it in my head.

= 1
4
We can add BIG numbers by BREAKING DOWN the SECOND number! W
DRAW the second number! ‘

35+ 28 =63
00000
'3
= £5 | 55 63
ﬁ Zibalo draws the second number.
J She adds each fen.
Then she ADDS the ones!
-@- IDEA 9

=

Subtract 2 digit numbers: Subtract by counting forwards in 10s then in 1s

Children must know the small number song in 1s backwards.

Children must know the medium number song in 10s backwards.

Then they can bring them together.

First they count backwards in 10s, then they count backwards in 1s.

Ziba|o boked 82 scones HBSt:eF‘dGU. Sl‘\e se”s 23 HOW manH scones r‘emain?

We can subtract BIG numbers by BREAKING DOWN the SECOND number!
DRAW the second number!

| write the first number.
| put it in my head.

82-23=59
<&y- (10)- (I0) - eeo
62 59
! Zibdlo draws the second number.

J She sublracls tens by counting backwards in 10s.
Then she subtracts the ones by counting
backwerds in Is!

Children can represent the go-to strategy in different ways:
Using a number picture, a number line or number sentences.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



=@ Count forwards in 10s, then in 1s

COUNT FORWARDS FOR ADDING

What does the jump strategy - where you break down the second number - ook like in a
number picture or a number line?

Number 54 +37=..

picture @ 00000
85 86 87 88 89
64 74 84 bt

90 91

54 +37 =91

Put 54 in my head

Break down the second number into 30 and 7
Count forwards in 10s.

Count forwards in 1s

54+37=..

64 74 8 485 86 87 88 89 90 91

54 +37 =91

Start at 54. Leave space on the right.
Break down 37 into 30 and 7.

Jump forwards in 10s

Jump forwards in 1s

Number
sentences h4 + 37 = 91
7 | add the same way
aa&al:mrlm 54+10+‘|0+10+7

9

Write down 54.

Break down the 37 in 3 tens and 7 ones.
Count onin 10s.

Countonin 1s.

The break down the second number strategy is also called the jump strategy (as you hop in
ones, and jump in 10s and leap in 100s).

UNIT 4: GO-TO STRATEGIES



UMTHAMO 4.1: GO-TO STRATEGIES

COUNT BACKWARDS FOR SUBTRACTING

What does the jump strategy where you break down the second number look like in a
number picture or a number line?

Number RZEICVINS
picture . . . . ‘
@ @ @ 23 22 21 20 19
44 34 24 . .

54-37=17

Put 54 in my head

Break down the second number into 30 and 7
Count backwards in 10s.

Count backwards in 1s

54-37=..

1718 19 202122 23 94 34 44 @
54-37=17

Start at 54 (on the right). Leave space on the left.
Break down the second number into 30 and 7.
Jump backwards in 10s.

Jump backwards in 1s.

Number
sentence 54 = 37 = e
gﬁ’ | subtract the
54 - 10 - 10 - 10 -7 7 Bt ljust wrte
44 34 24 17 numbers!

It takes time for children to start to draw confidently and use number pictures and number lines
to show their working.

Children practice
quick addition with

their fingers. You can
also do subtraction.




w=® Doubling and halving

GO-TO-STRATEGIES: MULTIPLY AND DIVIDE

A go-to strategy always works, for any numbers.

It works in a similar way for multiplication and for division. It builds understanding and number
sense. In Foundation Phase we always using a real context: apples and bags, children and eyes,
chairs and legs. We emphasise 2s, 5s, and 10s.

The go-to strategy for multiplying and dividing uses strategic counting. So learners skip count in
a unit (for example in 2s, or 5s, or 10s) and keep track of how many counts on their fingers. They
can then write down what they are doing using an array or a T-table.

>@- IDEA 10:

Doubling

The first introduction to multiplication is doubling.

To double we start with a number and then repeat it.

Double 4 =4 + 4. Children can imagine doubling as using a mirror line.
The draw the number (in 10s and 1s) and then repeat that number).

- Draw a line as a magic mirror.

+ Your teacher will call a number (0 1o 100)

: Draw the number on the left of the mirror
- Draw the number on the right of the mirror.

-
= ~
- e =1 Draw aline! %
Youidiing @ nume J| Draw astar X at the fop.
is about repeating ~—1 nNow it is @ magic mirror!
B numbaer 2 Timesl { Draw double! .
L
Double 4 Dom.uallalee 12 DOU;IZ 32
oo (o )T(Co)
o|o Lo | Y | ()
0 10
©10 00 00 (0) | (0)
|0
o0 o0
Double £ is 8 Double 12is 24 Double 32 is _ 64
L o+ L o= ___ 12 + 12 = _24 32 + 32 = _6L
There are two Ls in 8. There are two |2s in 21:.. There are two 32s in 64.
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UMTHAMO 4.1: GO-TO STRATEGIES

You can also double 4 like this: Count forwards in 2s, for 4 counts. Keep track of how many
counts on your fingers. This works best with a context. There are 4 children, how many shoes?

Pairs Shoes
1 O—0O 2
2 O——0 4
3 O—O

To double 4: Count forwards in 2s, for 4 counts. Keep track on your fingers.

What number do you reach?

Halving is the inverse of doubling.

To halve 8: Count forwards in 2s, until you reach 8. Keep track on your fingers.

How many counts?.

Children first understand half as sharing equally into two groups.

When you halve an odd number you get a half, or one left over.

Sharing between two children is the same as dividing by 2!
We say, “l0 hlula ka 2 ngu-5." We write 10 + 2 = 5. Half of 10 is 5!

cutting in half!

40 Some things can be cut
5 — A inhalf We share by 5

O 0 | share 5 amagwinya
olo equdlly between 2
children. Each child
) receives 2 and a half
amagwinya.

OX©)

ON©)

Some things cannot be
cut in half. When we
share, sometimes we
have some left over.

| share 5 marbles equally
between 2 children. Each
child receives 2 marbles.
There is one marble left
over.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



w=® Halving

Sharing context for halving: There are ... sweets. We share them equally between two children.
How many sweets does each child get?

Share 8 equally
between 2 children

O ©

0000
00O0O0

Share 8 equally between 2.

Each child gets 4

You can also half by counting how many twos (or pairs) there are.
Pairs context for halving: There are 8 shoes. How many pairs?

8 shoes
How many pairs?

Pairs Shoes

1 pair is 2 shoes

Count forwards in 2s

to reach a target of 8.
Keep track of the counts
4 pairs is 18 shoes.

Share 18 equally
between 2 children

S} S
o o
o o
o o
o o

Share 18 equally between 2.
Break up 18 into 10s and 1s
Share 10 equally.

Each child gets 5

Share 8 equally.

Each child gets 4.

Therefore, each child gets 9

18 shoes
How many pairs?

Pairs Shoes

Oo—0 2
Oo—-0 4
Oo—-0O 6
8
10
12
14
16

(8)

1 pair is 2 shoes

Count forwards in 2s

to reach a target of 18.
Keep track of the counts.
9 pairs is 18 shoes.

OO NGO WN -

Share 28 equally
between 2 children

Share 28 equally between 2.
Break up 28 into 10s and 1s
Share 20. Each child 10
Share 8. Each child gets 4.

Therefore, each child gets 14

Count the pairs.

28 shoes
How many pairs?
Pairs Shoes
1 2
2 4
3 6
4 8
10 20
14

1 pair is 2 shoes

Count forwards in 2s to
reach a target of 28. Draw a
T-table. Use known facts...

| know 1 pair is 2 shoes,
Therefore | know 10 pairs is
20 shoes

14 pairs is 28 shoes.

UNIT 4: GO-TO STRATEGIES



UMTHAMO 4.1: GO-TO STRATEGIES

There are two ways to double and to two ways to halve

To double 5: Repeat 5 two times. OR Count forwards in 2s, for 5 counts.

To half 10: Share equally into 2 groups. OR Count forwards in 2s and reach a target of 10.
How many counts?

Strategic counting for multiplying and dividing

°@- IDEA

Multiplication involves choosing a unit and repeating it. So 5 x 3 =5 repeated 3 times.

In Foundation Phase we don’t use the x sign until Grade 3.

We do lots of oral counting (skip counting).

Children should practice counting in 2s, 5s and 10s.When they count, they should keep track of
how many counts using their fingers.

Keeping track of the number of counts (using fingers), is key skill for multiplying and dividing.

During mental maths, you can practice the skills for multiplying and dividing

by doing strategic counting.

Count forwards in 2s, 5s and 10s. Keep track of the number of counts on your fingers.
Count backwards in 2s, 5s and 10s. Keep track of the number of counts on your fingers.

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



w=® Go-to strategies

# Task 4.1: The go-to strategies

°@- IDEA

The go-to strategies for adding

Put the first number in your head. Break down the second number into tens and ones.
Count forwards to add the tens. Then count forwards to add the ones.

Example: 108 + 35

Show the go-to strategy for addition using | Show the go-to strategy for addition using
a number picture a number line

The go-to strategy for subtracting

Put the first number in your head. Break down the second number into tens and ones.
Count backwards to subtract the tens. Then count backwards to subtract the ones.

Example: 104 - 38

Show the go-to strategy for subtraction Show the go-to strategy for subtraction
using a number picture using a number line

UNIT 4: GO-TO STRATEGIES



UMTHAMO 4.1: GO-TO STRATEGIES

>@: IDEA

The go-to strategy for multiplying
Example: There are 6 hands. How many fingers?

Find the unit that must be repeated. Count up in that unit. Keep track of the counts using your
fingers. Draw an array or a t-table.

1. Complete the array 2. Complete the T-table
Hands Fingers Hands | Fingers
1 O=0-0-0—-0 5 1 5
2 O-0-0-0-O0 _ 2 _
3 00000 __ 3 _
4 O=O0-O0-O0—-O 4 L
5 . 5 _
6 . 6 _
If there are 6 hands, then there are fingers.

°@: IDEA
The go-to strategy for dividing

Example: There are 30 fingers. How many hands?

Find the unit that must be repeated. Count up in that unit to reach the target. Keep track of the
counts using your fingers. Draw an array or use a t-table.

3. Complete the array 4. Complete the T-table
Hands Fingers Hands | Fingers

1 O=0-0-0—0 5 1 5

O~0~0—~0—0 10 — 10

15 — 15

20 . 20

25 — €o

30 . 30

If there are 30 fingers, then there are hands.
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-® 100 square and number lines

Photocopy and use these with your class.

91 1 92 | 93 | 94 | 95 | 96 | 97 | 98 | 99 | 100

81 | 82 | 83 |84 | 8 | 8 | 87 | 88 | 89 | 90

M| 72|73 |74 |75 |76 |77 |78 79|80

61 | 62 | 63 | 64 | 65 | 66 | 67 | 68 | 69 | 70

51 | 52 | 53 | 54 | 55 | 56 | &7 | 8 | 89 | 60

41 | 42 | 43 | 44 | 45 | 46 | 47 | 48 | 49 | 50

31 132 | 33|34 | 35|36 | 37| 38| 39| 40

21 | 22 | 23 | 24 | 25| 26 | 27 | 28 | 29 | 30

11 112 |13 |14 | 15| 16 | 17 | 18 | 19 | 20

4 3 K D67 8N

ij 0 to 10 number line | | | | | | | | | | |

My O to 20 number line ]

01 23 L5 6 7 8 91111213141516171819 20
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CAPS LEARNING OUTCOMES

Two pathways into number focuses on how to teach the following Curriculum and Assessment
Policy Standards (CAPS) topics in mathematics, to South African children, in Foundation Phase
classrooms.

Numbers, operations and

relationships

Number concept: Discrete quantities
e Choose the counting unit.
e Repeat that counting unit.

11

Count objects

1.2

Count forwards and backwards

Count with whole numbers in 1s, 10s and 100s.
Start at any number.

1.3

Number symbols and number names

Represent whole numbers

1.4

Describe compare and order objects

Describe compare and order whole numbers

1.5

Break down into 100s, 10s and 1s

Place value. Large, medium small counting units.

1.6

Solve problems in context

Problem solving

1.7

Addition and subtraction

Put the larger number in your head.
Break down the second number into 10s and 1s.
Count forwards or count backwards in 10s and 1s

1.8

Repeated addition leading to
multiplication

The counting unit is
Count forwards in the counting unit.
Keep track of the counts.

1.9

Grouping and sharing leading to
division

Share equally between .

The counting unitis _____.

Make equal groups _____.

The counting unitis .

Count forwards in the counting unit.
Keep track of the counts.

110

Sharing leading to fractions

Share marbles. Share amagwinya

1.1

Problem solving techniques

Representations:

e concrete apparatus e.g. counters
e drawing number pictures

e drawing number lines

116

Mental mathematics

Measurement

Number concept, rapidly recall and calculation strate-
gies
e Put the larger number first in order to count
forwards or count backwards
e Building up and breaking down
e Use the relationship between addition and
subtraction
e Use the relationship between multiplication
and division.

Measurement concept: Continuous quantities

e Choose the measuring unit

e Repeat the measuring unit.

41 Time Time passing: hours, minutes, days, weeks, months,
years

4.2 Length Non standard and standard units: metres, centimetres

4.3 Mass Non standard and standard units: grams, kilograms

4.4 Capacity/volume Non standard and standard units: mililitres, litres,

MATHS 4 PRIMARY TEACHERS: TWO PATHWAYS TO NUMBER



Maths4Primary teachers is a learning series for teachers in training, and to support the ongoing
professional development of educators in schools. It is relevant for teachers of both Foundation Phase
and Intermediate Phase. Each module includes online materials, games, practice tasks, and summaries.

This Two pathways to number module works alongside lesson starters — which guide teachers in how
to make use of the mental starters section of their maths lessons.

The counting pathway The measurement pathway

. ‘ﬁ 5 is a movement of

5 is a collection of 5 discrete objects, ' .
5 steps/sections along a line.

One way to think about number is using the idea of Another way to think about number is using the idea of
elements in a container. movement along a path.

You arrange discrete objects into a set. You measure equal intervals along a line.
You arrange tomatoes on a plate. You take equal steps along a path.
This is the cardinal meaning of number. This is the ordinal meaning of number.

We represent cardinality using number pictures. We represent ordinality using a number line.

Underlying both ways of thinking about number is a structural approach involving patterns,
functions and algebra.

This Two pathways to number module draws on the expectations outlined in the CAPS. It provides
teacher guidance on:

» Mental mathematics, consolidation of concepts and allocation of independent activities for at
least 20 minutes per day at the start of the mathematics lesson.

» How the teacher works orally and practically with the learners, engaging in such activities as
counting, estimation, number concept development and problem-solving activities, as well as
activities concerning pattern and measurement.

» Examples of calculation strategies and representations available for problem solving activities.

» Group sessions which are very interactive and where learners are encouraged to “do, talk,
demonstrate and record” their mathematical thinking.

Officials in the provincial departments and district offices can contact the authors if they would like to
offer this training module in their schools.

Maths4Primary teachers: Two pathways to number
Target: Foundation Phase educators in mathematics

Undertaken by in collaboration with

education N o
Bomam o \) The JumpStart SasoL é‘..

Department of )
Education Foundation

FREE STATE PROVINCE




